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ABSTRACT

Tube models derived from the basic ideas of De Gennes and Doi & Edwards on
reptation of entangled chains have made tremendous progress in the past 30 years and
have now reached a quantitative level for the prediction of linear viscoelasticity of
linear polymers. After a concise reminder of key experimental features of dynamic
moduli, we first review the fundamental ingredients of quantitative tube models:
reptation, contour length fluctuations and constraint release, as well as some important
modifications that are proving essential in difficult cases, such as the “Struglinski-
Graessley criterion” or the “constraint release Rouse” regime. The main models
published since the origin of the theory are next briefly described and compared. They
can be classified in two major categories, those derived from the Doi-Edwards theory
built on the original reptation concept and those derived from the Milner-McLeish
theory, which considers linear chains as two-arms stars able to reptate. We further
review published comparisons between experimental data and model predictions for
various systems, comprising monodisperse, polydisperse and bidisperse polymers. The
latter are the most difficult to predict because they emphasize complex interactions
between the relaxation mechanisms. Hence they highlight the current limitations of the
models, in particular the influence of constraint release mechanisms on reptation and
fluctuations.
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1. INTRODUCTION

Linear viscoelasticity (LVE) is an essential aspect of polymer rheological
behaviour, as it accurately reflects the distribution of relaxation times and is therefore
strongly related to the molecular structure, i.e. the molecular weight, molecular weight
distribution, and molecular architecture [1,2]. Hence, LVE provides fundamental
insights about the link between polymer structure and dynamics. Moreover, well-
known principles linking LVE to non-linear behaviour (Cox-Merz, Gleissle
mirror...[3,4]) translate to some extent the LVE information and provide a direct
connection with polymer processing.

In the frame of tube models, the terminal relaxation of an entangled chain is
identified with a curvilinear diffusional motion of the centre of mass in the
entanglement network. This is called reptation. The complex topological constraints
imposed by the surrounding chains are merged into a simple mean field effect called
the “tube”. Since their introduction by de Gennes [5] and Doi and Edwards [6], tube
models have made tremendous progress and have evolved from a simple qualitative
picture to a full quantitative theory. This has been made possible by the progressive
inclusion of new features, in fact new relaxation mechanisms [7-20]. While the
original Doi and Edwards theory accurately described reptation, this still did not
enable quantitative predictions of LVE for real polymers because the mutual influence
of reptating chains was not taken into account. This effect, now collectively called
“constraint release” (CR), is very complex since it is a “many body problem” (in the
technical sense of this term), which to this day eludes a full description. It was
progressively taken into account through the efforts of many people at various levels
of approximation, referred to as “double reptation” [16,17], “constraint release by tube
Rouse motions” [9-11] and “dynamic dilution” [12,18]. The accurate description of
CR remains to this day the Achilles heel of tube models. In parallel, Doi [6-8] realized
that the basic issue with the scaling of the zero shear viscosity, (predicted by reptation
to scale as M° and observed to follow M“, with M the molar mass), could be solved
by accounting for spring-like motions of the chain-ends. This predominantly “single
chain” effect, and therefore easier to model than CR, is universally called “contour
length fluctuations” (CLF). The description of CLF has today reached remarkable
levels of sophistication [21-23]. With reptation, CR and CLF as cornerstones,
quantitative descriptions become possible.

The possibility to quantitatively relate the molecular weight distribution of a
linear polymer to the resulting LVE behaviour is very appealing. Attempts were made
very early on and have continued unabated to this day [24]. The possible objectives of
such quantitative modelling are many. Initially, quantitative predictions were
predominantly considered as the best method to test the physics behind reptation
models. For instance, the ability of Tsenoglou-des Cloizeaux’ double reptation mixing
rule [16,17] to correctly describe the shape of the terminal relaxation peak of a
moderately polydisperse polymer has been one of the major breakthroughs in the
description of CR. Still today, questions about the underlying physics of tube models
emerge from quantitative predictions on “difficult” systems (for instance highly
bimodal blends), although the bulk of this effort has shifted in the direction of non-
linear architectures, which provide very demanding tests for the description of CR and
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CLF [21,25-32]. A second objective is practical and is receiving growing attention in
industry, although this effort is hardly visible in the scientific community. Quantitative
tube models are potentially of great help for the design of macromolecular systems
with desired rheological properties [33.34]. This “design for theology” activity is (at
least at major companies) part of a wider “chain of knowledge” where chemical
models describing what happens in the reactors are first used to predict molecular
weight distributions, which themselves feed the rheological models, and so on.
Predicting LVE from knowledge of the molecular weight distribution is called the
“direct problem” and is the subject of this paper for linear polymers [6,22,35-45].
However, it is also possible to build inversion schemes [46-52], which predict back the
molecular weight distribution from the measured LVE within the frame of a particular
tube model. This is called the “inverse problem” and will not be treated in this paper
because the focus and issues of the direct and inverse problems are quite separated.
Inversion schemes enable the design of macromolecular systems for a desired
rheological behaviour in a very straightforward manner. However, they remain
complex and delicate to handle. Direct predictions by trial and error can probably
achieve the same goal. A third potential objective of quantitative predictions by tube
models belongs to the realm of materials characterization [53-58]. Indeed, direct or
inverse predictions can be used to provide information about the molecular weight
distribution or architecture. We present, in the course of the paper and as an example,
the detection of sparse long chain branching by combination of solution and
rheological characterization.

As stated above, this paper is only concerned with the “direct problem”, i.e.
predicting LVE from knowledge of the molecular weight distribution, for linear
polymers. The emphasis is on quantitative predictions, which of course implies that
the available data, both the molecular weight distribution and the LVE
characterization, have to be quantitative as well. This comes with a whole set of often
overlooked challenges, which will only briefly be mentioned for lack of space, but are
of paramount importance [59].

The paper is organized in five main sections following this introduction. The
next section is concerned with some important aspects of the rheological
characterization of linear polymers. The following two sections describe, first in basic
terms, then in detail, the various elements of tube models enabling quantitative
predictions. These sections are followed by a comparison between experiments and
predictions for a selection of models and for various classes of polymer systems:
monodisperse, polydisperse and bidisperse. The last section and the ensuing
conclusion highlight the open questions and unsolved issues as well as provide a
perspective for future work.

2. EXPERIMENTAL OBSERVATIONS

2.1. Mastercurves and scaling parameters

Linear viscoelastic tests include stress relaxation, creep, creep recovery, and
steady-state oscillation (dynamic modulus or dynamic compliance). Each procedure
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has its own practical advantages and disadvantages. However, dynamic measurements
allow free choice of the perturbation amplitude at each frequency, which is a
significant benefit at high as well as low frequencies. Hence dynamic measurements
have gained wide acceptance and are currently the most common method of linear
viscoelastic characterization [60]. Curves of the storage modulus G’ and loss modulus
G’ at different temperatures have corresponding shapes and superimpose if shifted
appropriately relative to one another, mostly parallel to the frequency axis, with
usually a small correction for the vertical scale [61]. This feature is used to generate a
master curve of the response, greatly extending the frequency span beyond what is
experimentally achievable, either because of instrumental limitations at high frequency
(due to inertia problems), or the patience of the operator and the sensitivity of the
sensors at low frequency [1]. The existence of a master curve (called time-temperature
superposition or thermorheological simplicity) is rooted in the temperature-
independent shape of the distribution of relaxation times (in log scale) and is naturally
explained by tube models through the existence of a single material characteristic time
for all melt relaxations not significantly affected by the glassy modes [6]. This
characteristic time is usually taken as the relaxation time of a segment between
entanglements, 7, , acting as a fundamental “internal clock rate”. The parameter 7,
shows up as the sole material time scaling parameter in all the melt relaxation
processes and only depends on temperature, according to either WLF or flow
activation energy expressions [1,6,61,62]. It is well known that a small vertical shift is
often required for constructing the modulus master curves. This is linked to the small
temperature dependence of the stress scaling factor, which is also a unique material
parameter, usually taken as the plateau modulus (see Equation 3 below). There is no
real consensus about the best method to perform the vertical shift, which can either be
the by-product of a two-dimensional optimization of the master curve, or as sometimes
advocated, be calculated with the help of Equation 3 from the actual temperature
dependence of density and molecular weight between entanglements (if known)
[63,64]. A full discussion of this problem is beyond the scope of the present paper but
it is important to keep in mind that different construction methods of the master curve
can result in sometimes surprisingly large differences, especially on the frequency
scale, which is of course a significant issue for comparison of experimental data with
models, the determination of scaling laws and the underlying parameters identification
[65].

2.2. Features of master curves for monodisperse polymers

Key features of the dynamic modulus master curves of narrow disperse linear
polymers are shown in Figure 1, taking as an example polybutadiene with a molar
mass of about 100000 g/mol and a very low polydispersity index of 1.01 [66]. The
master curve, covering about 9 decades, consists of data measured at temperatures
ranging from -80 to 100°C and angular frequencies ranging from 0.1 to 100 rad/s.
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Figure 1: Master curve of a monodisperse polybutadiene. Reference
temperature T, = 40°C. Mw = 99,060 g/mol and Mw/Mn=1.01. Data
kindly supplied by Prof. S.Q. Wang from Akron University.

Figure 1 clearly shows a quasi-plateau in the storage modulus vs. angular
frequency, located at intermediate freqouencies, which is the famous signature of
entanglements. The plateau modulus, GN can be experimentally determined from the
value of G’ at the frequency @,,;, where G’’ reaches a minimum as shown on the
Figure. Another method is based on the Kramer-Kronig principle and requires
numerical integration of G” over the terminal relaxation peak [67]. Both methods are
consistent, providing that the shape of the G” terminal peak can be correctly identified
[67]. So far, tube models are unable to correctly predict the molecular weight
dependence of the plateau modulus [68]. As stated above, the key material parameter
for the time scale is the equilibration time of a segment between entanglements 7.
Although there is no purely experimental, fully model-independent, method to obtain
7,,, its approximate location can be deduced from the angular frequency of the second
G’-G”’ crossover. Theoretically, tube models only require these two basic scaling
parameters (for the time scale and the stress scale) to describe the entire linear
viscoelastic behaviour of linear polymers up to the transition to the glassy modes. For
polybutadiene, G;)] is 1.16 MPa and 7, s about 1.0 x 107 s at 40°C, as evaluated from
Figure 1. Interestingly, the power law observed in the transition zone towards the
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glassy plateau does not have the exact %2 slope predicted by the Rouse theory, but
rather 0.68 in the case of polybutadiene [69]. This discrepancy, observed for many
polymers remains one of the outstanding issues for mesoscopic models.

2.3. Terminal behaviour: influence of molecular weight polydispersity

The rheological behaviour of a polymer liquid in the terminal flow zone can be
characterized by the limiting laws G’(@) = Jeoﬂgzaf and G’(w) = nmyw. Hence, the
zero-shear viscosity 7, and the steady-state recoverable shear compliance J,” can be
determined by extrapolation to infinitesimal frequency. There is a generally accepted
[1] scaling between 77, and the weight-average molecular weight M,,:

_ 34
’70 _K'Mw R (1)

where K is a polymer and temperature-dependent constant.

A correct prediction of this scaling law has been a major focus, challenge and
success for tube models. On the other hand, the prediction of the recoverable
compliance has received much less attention. Two characteristic relaxation times can
be evaluated from the terminal relaxation. The number-average relaxation time is
defined as 7, = 7,/G,’, and can be experimentally obtained from the intersection of the
G’ terminal regime with Gg. This gives a frequency @, = Gy/1y = 1/z,. The
intersection frequency @, of the G’ and G’ terminal regimes gives the weight-average
terminal relaxation time 7, as follows: @, = ]/JL,()?]O = 1/7,. The modulus at the
intersection of the G’ and G’ terminal regimes, equals 1/J,, which is about 0.5 MPa
in Figure 1. Therefore, the breadth of relaxation time distribution t,/t, = JCOGN0 is
about 2.3 for nearly monodisperse polybutadiene, in the typical range (2.0-3.0)
observed for narrow distribution polymers [1]. Moreover, for monodisperse polymers,
the reptation time 7; of tube models is closely linked to the terminal peak position of
G” 1 @y =1/7;[70] and is intermediate between 7, and 7, .

Because the plateau modulus is an essentially constant material parameter, the
recoverable compliance J,’ is directly linked to the width of the relaxation times
distribution and the polydispersity of the polymer. Well-known relations for J, have
been given Mills [71] and Agarwal [72]:

3-3.7
M
J;)(x z or _]30( M . )
M MM,

w

They show a very strong dependence of J,” on the molecular weight
distribution. This dependence can be visualized in Figure 2 with the help of a
bidisperse mixture containing 5% high molar mass polybutadiene (410000 g/mol) and
95% medium molar mass polybutadiene (100000 g/mol), compared to the relaxation
moduli of the monodisperse sample. Shoulders are highly visible on the moduli of the
mixture in the terminal region although the high molecular weight component only
represents 5% of the total. On the other hand, the relaxation behaviour in the plateau
modulus region and above is the same for the two samples. The modulus at the
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intersection of the G’ and G’ terminal regimes, i.e. ]/JL,O, is about 0.04 MPa for the
mixture vs. 0.5 MPa for the pure 100000 g/mol sample, which means a more than 10
times broadening of the distribution of relaxation times. It is clear that the low
frequency response is very sensitive to a small high molecular weight tail of the
distribution due to the very strong molecular weight scaling of relaxation times. The
need for the highest possible precision data in the terminal region (low frequency for
dynamic tests or long time for creep tests) is thus abundantly clear. Moreover, this
highlights the strong accuracy demands on the molecular weight distribution,
especially the high masses, for correct prediction of the terminal region by tube
models.
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Figure 2: Master curve of a mixture of two monodisperse
polybutadienes (full symbols) compared to the pure monodisperse
sample of Fig. 1 (hollow symbols). Reference temperature T, = 40 °C.
Data kindly supplied by Prof. S.Q. Wang from Akron University.

In summary, the molecular weight and polydispersity of a linear polymer are
strongly reflected in the linear viscoelastic response. Tube models described in the
next Sections can help provide a quantitative connection and explain many complex
features observed.
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3. FUNDAMENTALS OF TUBE MODELS

The tube model was introduced by de Gennes [5] and by Doi and Edwards
[6,73] in order to explain how an entangled polymer (either melt or highly
concentrated solution) relaxes the anisotropy and related stress induced by a step
strain. This model reduces the complex dynamics of inter-chain topological
interactions to a “single-body” process, in which the molecular environment of an
observed chain (usually called the “test” chain) is represented by a mean field called
the “tube”. The test chain, which is unable to cross another molecule, is indeed
behaving as if it were confined in a tube since only motions parallel to the curvilinear
tube axis are unhindered, while lateral motions are limited to a characteristic distance,
the tube diameter a. Since the tube is an average object, its diameter has a constant
value along the chain and for all chains. While it depends on the nature of the polymer
and concentration, it is independent of chain architecture.

3.1. Relaxation modulus

The relaxation of a polymer after a small step strain is usually described by the
relaxation modulus G(t), the strain-independent ratio of the stress to the step-strain
amplitude, which shows different regions in time (see Figure 3) [6]. After the glassy
region, the Rouse regime describes the relaxation of the chains or subchains at times
short enough to ignore mutual influences between the molecules. The chain motion is,
therefore, described by the Rouse model [74]. As explained in Section 3.5, this process
applies to unentangled chains or sub-chains with molecular weight up to the molecular
weight between entanglements in the case of entangled polymers. At longer times, the
chains start interacting topologically and their motions are influenced by the
environment: entanglements act as a temporary network. At this stage, the tube
representation is appropriate: embedded in the temporary network, the chains have
reached a “pseudo rubbery'“ stage and cannot relax further by the normal Rouse
process, confined as they are by the surrounding tube. The most important material

parameters of the tube theory can also be defined: the plateau modulus Gl(\),, the

molecular weight between entanglements, M,, which represents the molecular weight
of the longest subchains relaxed at this stage, and the Rouse time of a segment
between two entanglements 7, equal to TRgm/ZZ, with 7z, , the Rouse time of a test

chain having Z entanglements. The material parameters Gz(\)/ and M, are linked through

the all important relation [1, 75-77]:

! We use the terminology «pseudo-rubbery» for the following reason. At the time

scale of 7,, the entanglements act as crosslinks and the system is therefore behaving
very much as a crosslinked rubber : segments between entanglements are relaxed but
longer segments are not. However, at longer times, monomers will be able to “slip”
through the entanglements by the so-called monomer re-equilibration process (see
section 4.1.7), which is impossible for a true crosslinked rubber.
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_4pRT

G =
Y5 M,
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where p is the density of the polymer and T the temperature. According to the
precise definition of M,, the pre-factor 4/5 is required or not in Equation 3. This has
been clarified by Larson et al, [77].

Glassy region

Rouse process

e

Log
(G

Pseudo-rubbery state
/ Terminal relaxation
/ (entangled chain)

Unentangled chain

Figure 3: Different stages of the relaxation modulus of a polymer melt
(see text for details).

Since it is assumed that a sub-chain between two entanglements is Gaussian, its
end-to-end distance [ is given as I* =N,b*, where b is the length of a Kuhn segment and
N, is the number of Khun segments between two entanglements [6, 24, 78]. It is useful
to imagine that in the tube picture, the chain is coarse-grained at the scale of the
segments between entanglements (Figure 4). They define the primitive path of the
chain, having a length L., (M)=Z.I=(M/M.)I. The primitive path can be considered as a
(discretized) representation of the curvilinear axis of the tube [6].

Since we assume a Gaussian chain confined in a tube of diameter a, the most
probable curvilinear path length L, is proportional to molecular weight through the
relation:

R’=L,, a =Zla, 4
where R is the quadratic end-to-end distance of the relaxed chain. On the other hand:
R*=Nb’=ZN,b’=ZF’, ©)

where N=ZN, is the total number of Kuhn segments. Hence: a=L.
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Figure 4: Schematic representation of a chain in the tube. Real chain:
thin broken line; primitive path: thick line; entanglements : dotted line.

The second transition in Figure 3 corresponds to the escape of the chain from
the stressed entanglement network toward the relaxed equilibrium state, via tube
renewal (see Section 3.2). This includes different relaxation processes (reptation,
contour length fluctuations, constraint release mechanisms) described in detail below.

Neglecting the glassy region, the relaxation modulus of an entangled polymer,
G(t), is thus described by two terms: the first takes into account the Rouse relaxation
(see Section 3.5) and the second describes the tube renewal process, which is
proportional to the unrelaxed fraction, F(z), of the polymer:
G(t) = GR()uxe (t)+ GI(\)/F(t) (6)
Equation 6 is obviously not valid at very short times corresponding to the glassy
region. Indeed, the Rouse modulus diverges at time zero [74]. Different models based
on the generic tube theory have been proposed in order to correctly describe the
relaxation function F(z) of a linear polymer (see Section 4). While significant
qualitative and quantitative differences are found between the various models, they all
use the same basic ingredients to describe the relaxation of a chain: reptation, contour
length fluctuations and constraint release mechanisms. These are introduced in the
following sections.

3.2. Reptation [5.6]

For times larger than the Rouse time of an entangled segment, 7, the tube is
active. This means that topological constraints restrict the motion of the chain
laterally. Therefore, the only possible motion of the centre of mass is a diffusion along
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the curvilinear axis of the tube [5,6]. This process is defined by a one dimensional
diffusion equation (see the Doi and Edwards model in Section 4.1.1). By back and
forth motions along the primitive path (which are associated to a Brownian motion of
the centre of mass), the chain can move few by few outside the initial tube to create a
new one. This is illustrated in Figure 5.

Figure 5: Reptation process

According to Equation 6, the stress resulting from a small step strain will
progressively relax by the disappearance of the oriented segments because new tube
segments created around the advancing chain end are randomly oriented. Hence, the
chain will relax from the outer to the inner segments. According to reptation theory
[5,6,78], the time needed to relax the entire chain by reptation, 7, is proportional to the
cube of the molecular weight of the test chain:

2
M?

— eq _ 3

T, = 2D 3 e =M @)

where D,, the curvilinear diffusion coefficient equal to k7/N{, results from the
summed drag of all the monomers along the chain and is thus proportional to the
number of monomers, N, and the monomeric friction coefficient {,. Expressing the
primitive path length L., and the curvilinear diffusion coefficient in terms of tube
model parameters gives the important relation [6,78]:

3
zé]_l\’sz(ﬂ} =377, ®)
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This M dependence of the reptation time must be compared to the M* dependence of
the Rouse time. The same M° scaling is predicted for the zero shear viscosity, 77,
since:

1, <Gyt ©)

N'"d>

and the plateau modulus is (in this picture) molecular-weight independent.

3.3. Contour length fluctuations [6-9,79,19-21]

Because the experimental dependence observed for zero shear viscosity of
entangled polymer melts follows a M** scaling rather the anticipated M® predicted by
pure reptation, it is clear that additional relaxation mechanisms besides curvilinear
diffusion of the centre of mass are required to correctly describe the relaxation of
linear chains[1,6,80]. Initially proposed by Doi [6-9,79] and later expanded by Milner
and McLeish [21], contour length fluctuations (CLF) are the second key ingredient of
quantitative tube models. This process is a Rouse relaxation of the chain ends, which
does not requires the motion of the centre of mass, already described by reptation. As
shown in Figure 6, when the chain contracts within the tube and then stretches out
again, the orientation of the ends of the initial tube is forgotten, and the stress
associated with those portions is relaxed.

ch

o)

Figure 6: Contour Length Fluctuations process (from [19])

iy |

Contour length fluctuations arise because the equilibrium length of a chain is
only the most probable length, representing the most stable configuration. However,
other chain lengths are possible, by thermal fluctuations around this equilibrium. They
include Rouse modes associated to sub-chains possibly larger than M,. The CLF
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process is a typical first passage problem: it is not related to the most probable location
of a chain end, but rather to the deepest tube segment reached by the fluctuating chain
end. Before the reptation process can be completed, the outer chain segments are
already relaxed by CLF. Therefore, CLF will speed up the overall relaxation of the
polymer. The experimental 3.4 scaling for viscosity and reptation time has been
attributed to CLF by Doi [79], arguing that the fraction of tube relaxed by CLF should
scale as Z (see Section 4.1.2). Therefore, the importance of CLF becomes less as Z
increases. As a consequence of CLF, viscosity increases faster than the asymptotic Z
reptation prediction.

Since chain reptation needs only to relax the remaining (central) parts of the
primitive path, the reptation time has to be renormalized in order to include the effect
of CLF. For calculating this correction, there are essentially two approaches,
developed in more detail in Section 4: the first has been proposed by Doi [6-9,79] and
the second, by Milner and McLeish [20,21], who consider a linear chain as a two-arms
star molecule.

3.4. Constraint release and tube dilation

Since the tube represents the topological constraint on a given chain from its
molecular environment, the tube itself is able to move according to the motion of the
surrounding chains. This tube motion, neglected in the Doi and Edwards model, is in
particular important for polydisperse systems. Tube motions are extremely
complicated to describe in their generality [20,21,81] and therefore only
simplifications of the real situation are tractable. Tube motions chiefly affect the test
chain in two different but related ways. First, “slow” tube motions allow large-scale
lateral motions of internal segments, i.e. they induce a constraint release mechanism
(CR) [10-17] (See, for example, Figure 7). Second, when motions of surrounding
chains become fast at the observed time scale, the effect is equivalent to an increase of
the “effective” tube diameter, which leads to an acceleration of the other relaxation
processes (reptation, CLF). This mechanism is called “Dynamic Tube Dilation”
(DTD) [12,18]. Several authors, using different approaches, have studied these two
fundamental concepts.

4/‘/ .
P | . e i
Lroa s AU ﬁ&?\éﬁg@
A\
Figure 7: Constraint release process (from [H. Watanabe, J. Soc. Rheol.

Japan, 31,3 (2003)]).
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3.4.1. Double reptation

The double reptation idea is a simple way to account for the CR mechanism. It
has been introduced by Tsenoglou [16,82] and des Cloizeaux [17]. In order to include
the influence of surrounding chains on the relaxation of the test chain, they consider an
entanglement as a binary event.

Tsenoglou addresses the question of polydisperse systems by analyzing the
molecular dynamics of entanglements between molecules of different chain lengths.
He assumes that coupling along a given chain with other chains occurs randomly and
proportionally to the volumetric fraction of the components in the mixture. The
population densities and lifetimes of the various types of entanglements are thus
calculated and related to the composition and properties of the corresponding
monodisperse polymers. These results are next utilized in the derivation of simple
blending rules for the relaxation modulus of polydisperse systems [82].

Similarly, building on the work of Rubinstein and Colby who tested the validity
of simple reptation on mixtures of two linear chains [83], des Cloizeaux [17] uses the
basic idea that a stress point is formed by the entanglement between two chains, A and
B, and will disappear if one of these two chains relaxes, which happens independently.
The probability that the stress point should still remain on A and B at time ¢ is thus
equal to the product of the unrelaxed fractions of their initial tubes u(t). up(t). Since
the probability to have an entanglement between A and B is equal to the product of the
volumetric fractions @,. ¢y of the corresponding chains the relaxation modulus G(1)
can be calculated by summing up all contributions of all the stress points:

2
G()=Gy 2 0,0, 1, (D1, (1) =G, [Z (pAuA(t)] =Gy (10)

where ®(t) represents the total unrelaxed fraction of the polymer if chains are assumed
to relax in a fixed network. Now, if F,(t) represents the unrelaxed fraction measured
on monodisperse polymer “A”, including the “double reptation” effect, Equation 10
can be re-written as:

G(1=G" [ZW‘A@] -G [Z(/;A (FA(t))Hz] . an

In later work, the double reptation exponent, 2, has been modified empirically to a
value B = 1+a, where a is the dilution exponent ranging from 1 to 1.3 [41,84,85].

In the double reptation model, an entanglement between two chains is assumed
to relax immediately when one chain diffuses away, and CR does not affect the
reptation time. Therefore, it is only valid when the different relaxation times are not
too different [86,87]. In particular, this approach cannot be applied to bimodal
mixtures of very long and very short chains. However, it is useful for describing the
linear viscoelasticity of polydisperse systems having a moderate molecular weight
distribution [19,88-93].

66 © The British Society of Rheology, 2007  (http://www.bsr.org.uk)



E. van Ruymbeke, C.-Y. Liu and C. Bailly, Rheology Reviews 2007, 53 - 134.

3.4.2. Dynamic Tube Dilation (DTD)

This approach has first been proposed by Marrucci [12]. It is based on the
concept that the “effective” tube of constraints around a chain widens as the relaxation
proceeds. Indeed, the tube diameter is directly linked to the average distance that a
chain can laterally cover without hitting topological constraints by the surroundings
molecules. Were these obstacles fixed (i.e. a permanent network), the tube diameter
would be a well-defined, time-independent quantity. However, because of the mobility
of the surrounding chains, obstacles continuously disappear and reform, some of them
more rapidly (near the chain end), others more slowly (far from the chain ends).

Therefore, the test chain will be able to move laterally and explore the
surroundings more and more with time. In other words, the tube diameter must be
taken as an increasing function of time during relaxation. This increase is calculated
by assuming that the relaxed part of the polymer behaves like a solvent. Therefore, the
effective tube diameter depends on the unrelaxed fraction of the polymer, ®(?) as:

M (1) e (12)
L, () =L, (0).(D)" (13)
(0)
a(t)=—"—— (14)
(@(0)”

Note that the time dependent values are described as “effective” and are different from
the true material parameters (except at time zero). Indeed, since the polymer density
remains constant through time, the equilibrium values do not change.

From Equation 3 and Equation 12, we obtain:

_ pRT — 0 l+a
G()= 7Me(t)" D) =G, P(1) (15)

The exponent ¢, called the dilution exponent takes a value between 1 and 1.3
[41,84,85]. Still today, there is no real consensus on its value even if the last trend
seems to take 1 [28,30,31,37,41,43,95,96]. Equation 15 is similar to the one obtained
from the double reptation approach (see Equation 10). However, a fundamental
difference between both approaches is the fact that Dynamic Tube Dilation affects the
reptation dynamics because the reptation time is proportional to Leq(t)z and thus, to
@(¢)*[12]. On the other hand, it is considered constant in the double reptation model.

In the DTD model, the relaxed part of the polymer is immediately taken as
solvent. However, Struglinsky and Graessley [88] have shown that this assumption is
not always valid (see Section 3.4.5). It works only if the different relaxation times are
well separated on the time scale [19,92,93].
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Refined tube dilation models have further been developed for monodisperse
star molecules [18,21]. In particular, Ball and McLeish have extended the Dynamic
Tube Dilation concept to contour length fluctuations in order to explain the relaxation
of star polymers [18]. This model was improved by Milner and McLeish [21] who
solved the first passage problem to obtain more accurate expression of the activated
fluctuations times and considered the early (non activated) Rouse fluctuations. As
described in Section 4.2, this model initially developed for star molecules can be
applied to linear chains by considering the latter as two arms-stars [22].

3.4.3. Constraint release Rouse regime

In some cases, the DTD picture can lead to a situation where the tube dilates
faster than the test chain is able to explore it. This is in particular the case when a
small fraction of long chains is diluted in a matrix of short chains. After the short
chains have reptated, the long chains experience an effective tube only made of
surrounding long chains. This tube can be very wide, and even non-existent if the long
chains are extremely diluted. Hence, it is important to add a criterion in any DTD-
based model that a chain cannot explore the tube faster than the unconstrained Rouse
process. This situation is called the constraint release Rouse regime (CRR). It has been
introduced by Viovy [86] and developed by Milner [87], McLeish [96] and by
Watanabe [19,92,93].

Technically, the CRR criterion is expressed as follows [96]:

1
t|?
®(1,) > D(r, )| | (16)
L
where t; — t;; is a small time increment during the relaxation process. The relaxation
modulus must also account for this condition since it depends on the effective

molecular weight between entanglements. Therefore, Equation 15 has to be modified
as follows:

G(1) = G D(1)" (1) = A/;L(Tt)q,(,) a7

where ¢(t) describes the segmental fraction which still oriented (i.e. not relaxed by
reptation or CLF) and ¢(z) is the “CRR limited” unrelaxed fraction (always larger
than or equal to ®(7)) [19,92,93].

This limitation leads to the notion of supertube [86]: the chains are moving in
an effective tube of diameter aO/CD(t)m, itself in a wider tube — the supertube- with a
diameter ay/@(t)*. This supertube represents the widest tube that a chain can occupy
through the DTD process, not taking into account the limitation imposed by the Rouse
relaxation rate.
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3.4.4. Thermal constraint release model

Introduced by Graessley in the case of binary blends of long and short linear
chains [9], the thermal constraint release model explains how a chain can relax without
using reptation or contour length fluctuations. Indeed, when a short chain entangled
with a long test chain diffuses away from a stressed entanglement, the entanglement
segment on the test chain can relax locally without reptation of the latter. After this
relaxation, a new entanglement is formed. The accumulation of these local motions
leads to the global CR motion of the test chain, which is hence able to relax without
using reptation or contour length fluctuations. If we consider that the short chains in
the blend relax by reptation, this time must be proportional to 7,(My,,,,). By assuming
that the segmental re-organization occurs immediately after the loss of an
entanglement, the thermal CR motion of the long chain can be described by the Rouse
model [6,9]:

) Z (18)

TCR & Td(M long

short
The same result was obtained by Klein [10,13] and by Daoud and de Gennes [11]. It
represents the limiting case of relaxation of long chains by pure CR. However, this
model is valid only for small concentration of long chains in a short chains matrix, in
order to avoid interference with reptation of the long chains.

3.4.5. Struglinski-Graessley criterion

A second important modification of the DTD picture is the “Struglinski-
Graessley” criterion (SG) [88]. Even if the test molecule has the time to explore the
widened effective tube at the time scale of its own reptation time, the effect of
dynamic dilution is not necessarily felt by the reptation process. This was first shown
by Struglinsky and Graessley, who found that, in a bi-disperse mixture of long
entangled molecules dispersed in a short chains matrix, the long molecules will reptate
in the effective tube widened by the fast relaxation of the short molecules (as opposed
to the skinny tube) only if their reptation time is long with respect to their thermal
constraint release time (see section 3.4.4). This is expressed by the following
condition:

3
oM KM, —>1, (19)
TCR ( Mlong ) Temanglemem ) Zl(mg

where Zyuanglement 1S the average lifetime of an entanglement of the long molecules:

_ 3
entanglement - KMxlmrr ’ (20)
The indices “long” and “short” refer to the long and short molecules, respectively.
The exact numerical value of the criterion is still in dispute [42,43,97]. This concept,
proposed as early as 1985, has gained increasing importance in recent years [28,42-
45,92,93]. The non-dimensional ratio 7/ 7 is called the Struglinsky-Graessley (SG)
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number. This criterion is easily understood in the following way: the tube can be
dilated by the slow removal of entanglements but reptation in the dilated tube requires
correlated release of entanglement constraints, which is a much slower process than
the removal of one entanglement, and can only occur if CR is fast vs. the reptation
time of the test chain.

3.5. High frequencies relaxation: the Rouse model

As shown in Figure 3, the high frequency (or equivalently short time)
relaxation of an entangled polymer is described by a Rouse relaxation. A distinction is
conveniently made between times shorter and longer than 7,. At times shorter than 7,
the relaxing segments, which are shorter than the distance between entanglements
(itself equivalent to the tube diameter), do not feel the tube. At longer times, the
segments feel the constraint imposed by the surrounding chains and therefore only the
longitudinal Rouse modes along the tube are available [22]. This leads to the following
expression for the Rouse modulus, including longitudinal modes:

| —2p%t 1 &1 —2p%t
G N=G* S~ FLPCTA ol R (21)
=013 o 2ot o 2

where Tgouse(M)= 7, .Z* is the Rouse time of a chain of molar mass M [6 p214,37].

p=Z

The first term on the right hand side of Equation 21 accounts for the free Rouse
relaxation of the segments shorter than the distance between entanglements. The
second term accounts for the longitudinal modes, confined by the tube to one
dimension. This explain the 1/3 prefactor [22,37,39]. The longitudinal modes are
sometimes referred to as the “monomer redistribution process”.

Since the Doi and Edwards theory predicts the plateau modulus to be 4/5 of the
rubber modulus because of the longitudinal motions along the tube, Likhtman et al.
conclude that 1/5 of the stress stored in the tube after a step deformation is relaxed by
longitudinal modes [40]. Therefore, the Rouse relaxation of an entangled chain is
better expressed from its entanglement modulus, G,, rather than the usual plateau
modulus as :

N _2p%t Z-1 2
GRgm(t)zGeZexp[p + G .Zlexp _Trt |
p=Z z TR{)M.\'L‘ (M) 5 p=1 VA TRvuse (M)

The entanglement modulus is about 20% higher than the plateau modulus.

4. TUBE MODELS FOR QUANTITATIVE PREDICTIONS

Over a period of more than twenty years, many improvements of original tube
theory have been proposed in order to reach the level of quantitative predictions. Most
of these refinements are based on the concepts of contour length fluctuations,
constraint release and dynamic tube dilation, as explained above. In this Section, we
present the major models published along these lines, focusing on their key
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characteristics and differences. The models have been divided into two main
categories: those fundamentally derived from Doi and Edwards [6], and those based on
the Milner-McLeish theory [22], in which a linear chain is considered as a two arms
star polymer. An important issue concerns the way CR mechanisms are taken into
account. More specifically, the dependence of reptation dynamics on the molecular
environment represents a crucial difference between various approaches. While
reptation times are often considered constant for linear polymers [6,37,39,40,98], some
approaches allow for a time dependence deriving from the tube dilation process
[12,22,35,36,38,43-45]. In some models, the effective reptation times depend on the
effective equilibrium length (see Equation 13) [6,37,39,40,98] or on the unrelaxed
fraction of the chain [12,35], or on a combination of these two possibilities
[22,36,38,43-45]. There is presently no consensus about the effect of DTD on
reptation, even if this can drastically affect the predictions. On the other hand,
different studies have shown that DTD will fail in specific cases [19,88,92,93], and the
way of accounting for this problem varies depending on the models

4.1. Tube models based on the Doi and Edwards (DE) theory

4.1.1. Doi and Edwards model

The original DE model [6,73] considers the motions of a Gaussian chain
constrained in a tube. The polymer relaxation starts from the pseudo-rubbery state
described in Section 3.1. At this stage, the longest relaxed sub-chain contains
N,=M/m, monomers (m, being the monomer molecular weight) and its end-to-end
distance, /, is equal to the tube diameter, a. In the DE theory, the tube is considered as
fixed in space (notion of “permanent network”) and the primitive chain length is
assumed to take a constant value L,,, . Under these assumptions, reptation, i.e. the
motion of the centre of mass along the tube axis, is equivalent to a one-dimensional
diffusion process. In the original theory, contour length fluctuations are neglected.
Defining s as the curvilinear length coordinate of an entanglement segment measured
along the tube axis (0<s<L.), the survival probability of the tube segment localized
at s at time ¢, called p(s,?), is calculated by assuming the equivalence between the
diffusion of an entanglement segment along the tube and the diffusion of a tube
segment along the chain, under the assumption of a Gaussian chain:

9 p(s,t) _ py 0°p(s.t)

Jt C 9’
where D, = k,T/N{, is the curvilinear diffusion constant arising from the summed drag
of all the monomers in the chain. Taking into account the initial condition (p(x,0)=1

7x) and the boundary conditions (p(0,t) = p(L,t) = 0), the survival probability p(s,?) is
calculated as:

; (23)
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4 |z —-i’7’D, t
p(s,t)= Z 7 sin| 22 -exp 172( . (24)
i odd p T Leq,O Leq,O

The surviving fraction of original tube segments at time # (also called the kernel),
MUpE(t), is obtained by summing up the survival probabilities of all the segments:

| Y 8 1 (_i2)
’uDE(t):ZJ.0 p(s’t)dsz—zz.—zexpL— N (25)

i odd Tzl

with 7, the reptation time required for the chain to escape from the initial tube:

L ¢ nNv(mY
T (M)=—92 =20 | — | =377 26
A 7D, kT MeJ ¢ 2o

Here, 7, represents the Rouse time of a segment between two entanglements. The
theory predicts that the plateau modulus is only 4/5 of the corresponding rubber
modulus when the chains have reached the pseudo-rubbery stage because longitudinal
motions along the tube axis have redistributed the monomer density along the tube by
this time and relaxed 1/5 of the original stress (which is impossible for a cross linked
rubber). This explains the prefactor 4/5 in Equation 3.

Neglecting CR mechanisms, the relaxation modulus G(z) is simply proportional
to the unrelaxed fraction of the polymer:

G)=Gu,, (1) @7

The original DE model essentially works for monodisperse polymers and is not able to
deal with polydisperse mixtures unless it is combined with a double reptation mixing
law (see Section 4.1.3).

4.1.2. DE model with contour length fluctuations

CLF strongly affects the tube model predictions. Doi considers an average
waiting time 7p,(s) for the first passage of the chain end through the tube segment at
the curvilinear length coordinate s [7-9,79]. After a time t=7,, the pseudo- rubbery
state is reached and each segment can only diffuse along the primitive path (see
Section 3.1). However, for times shorter than 7, the Rouse time of the chain, the
entire chain is not dynamically connected (in the sense that sufficiently remote parts
still move independently along the tube) and segmental diffusion does not lead to
diffusion of the centre of mass [19]. Therefore, the chain cannot reptate until its
internal Rouse equilibration is complete, at =77, . In the interval, the mean square
displacement of a chain end follows the Rouse process : <s’> ~ 2. This leads to a
new relaxation process, CLF, which starts from the extremities of the chain and does
not require a motion of the centre of mass. For times larger than 7, reptation modes
dominate and the mean square displacement now follows <s*> ~ r. Because of CLF,
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reptation will occur in an effectively shortened tube of length = L,,-AL,,, with AL,
the tube length relaxed by fluctuations at . This gives a renormalized reptation time
and a renormalized plateau modulus, as follows:

(2c ¢, )
Tllf(Z) = T‘](Z)Ll_ﬁ-i-?-'- J s (28)

C
G,(2)=G? [1—3+...], (29)
f N \/E

where the indices “f” indicate the rescaled parameters including the influence of CLF.
Coefficients C; and C; should be equal to or larger than 1.47 based on variational
principles [7-9]. Mainly due to the renormalization of reptation times, which affects
short chains more than longer ones, a power law with an exponent close to 3.4 is
predicted for the molecular weight dependence of the terminal time and zero shear
viscosity as observed from experiments (see Section 2.).

Doi and Edwards calculate an approximate relationship for the Rouse monomer
displacement at early times (1< 7z):

<s’> = 42317 (t/t.)"”, (30

with <s”> the mean square displacement of a chain-end, taken from the end of the
tube. Inverting this relation provides an approximation for the typical time, 7,
needed for the segment at x to be visited by the free end via curvilinear Rouse
fluctuations:

or’ (x-L,o/2*
. ’z' . 2
16 ¢ a'

with x normalized between 0 at the chain-end and 1 in the middle.

Tearly (X) = B 31)

4.1.3. Extension to polydisperse samples

In the DE model as well as in the other models based on the DE theory,
extension to polydisperse systems can be taken into account by a generalized double
reptation mixing rule [89,100], here expressed in continuous form :

G(1)=Gy (L:M [ 4, (6. M) |- w(M) dlog M)ﬂ- (32)

In this expression, gpg(t,M) is the DE kernel for the monodisperse polymer with
molecular weight M, considered as moving in a fixed network (see Equation 25). The
parameter £ is the mixing exponent equal to (I+ ), and w(M) = dW(M)/dlog(M) with
W(M) the weight fraction of chains with molecular weight below M. The molecular
weight M, is the critical molecular weight for entanglement. It is usually fixed at 2
times the molecular weight between entanglements, M,.
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4.1.4. Carrot’s model (1996)

The model proposed by Carrot et al. in 1996 [35] describes the unrelaxed part
of a monodisperse polymer by a single exponential decay, as proposed by Tsenoglou
[82], Wasserman and Graessley [89]. This is a reasonable approximation of the DE
kernel, considering the form of Equation 25 (only odd indices, squared in the
expression). Constraint release is taken into account by considering the double
reptation process [16,17,82] (see Equation 10). CLF is considered through the
molecular weight dependence of the reptation time for monodisperse samples (7 nono ~
M*#). In order to include the influence of the environment on the relaxation of a
molecule, the reptation time is rescaled by a process called “tube renewal” derived
from the thermal constraint release model (see Section 3.4.4.) and developed by
Graessley [9], Montfort et al. [101,102], Klein [10,13], Daoud and de Gennes [11],
Watanabe [103] and Cassagnau [104,105]. This process describes the time needed for
a chain to relax only by tube Rouse motions. The characteristic time scales as the
average lifetime of an entanglement, 7,,ngemens Multiplied by the square of the number
of entanglements:

M)o T zZ". (33)

renewal ( entanglement

Several expressions for Teyanglement have been proposed in literature [10-13,101-105]. In
Carrot’s model, it is assumed that the “effective” reptation time 7; . is given by the
harmonic mean (parallel independent relaxation processes [9]) of the pure reptation
time and the tube renewal time. This leads to a renormalization of the reptation time to
an effective value:

1 1 1
= —+ N
Ty WWM),M)  T,(M) T, (M, W(M))

(34)

ren

where 7, (M) is the reptation time of a molecule M in a fixed network. This value is
identified from the experimental relaxation time of the monodisperse sample,
Tymono(M), by artificially removing the tube renewal effect. The effective time Zgcive
(M,w(M)) is then used in the single exponential kernel instead of the pure reptation
time, in order to account for polydispersity.

4.1.5. Leonardi’s model (2000)

The approach proposed by Leonardi et al. [36] is based on the DE kernel with
fluctuations, called tp, s, where the fluctuations parameter C; in Equation 28 is fixed
to ¥2 and the others are neglected. The mixing rule is again based on the double
reptation process (see Equation 11). However, it is assumed that the kernel pg, e
describes the relaxation of a molecule in a monodisperse environment instead of a
fixed network as proposed by Doi and Edwards. Hence:

oo B
G(t) = Gf(\)/ (jln(M( )'uDE,ﬂucll/ﬁw(ln M) dln M) (35)
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In addition to the double reptation mixing law, the “tube renewal” effect is included as
proposed by Cassagnau et al. [104,105].

Moreover, the high frequency « relaxation is taken into account in order to
describe the glassy plateau and glassy relaxation modes [106], by using a Davidson-
Cole equation with a dispersion exponent of 0.5:

G =G| 1-erf| |- 1. 36)
Z-HF

where 7, corresponds to a characteristic time of the monomer length and G.. is the
glassy modulus.

In addition, pure Rouse relaxation is considered for chains smaller than the
critical molecular weight for entanglement M..

4.1.6. Des Cloizeaux’s time dependent diffusion (TDD) model

Des Cloizeaux [98] proposes a method to solve a one-dimensional diffusion
equation with a time-dependent diffusion coefficient: starting from the DE expression
(Equation 23), he considers that the diffusion coefficient is a time dependent function:
immediately after a step strain, D(z) is singular because of fast Rouse motions which
are not hampered by the tube. In this Rouse-dominated regime, D(?) is thus
proportional to r 2. At later times, reptation dominates and the diffusion coefficient
reaches the constant value predicted by the DE theory:

D(t)=D, (1 + Z:;exp(_:z[D , (37)

where 7 is an internal (Rouse) time, scaling as M?, and defined as T(M) =
m*.(7y(M)/M). Combining Equations 23 and 37 leads to the TDD kernel:

8 1

) e D)
p odd

1 (H.t (39)

O el

rept rept

with :

2(v)= ilexp—(nzy) =-y+ " ~[y+ (zy) + ;zT'S- (40)
n=1

The parameter H is directly linked to molecular weight: H=M/m*, where the
material parameter m* defines the relative importance of CLF. The first term of the

n2
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right side in Equation 39 is identical to Doi and Edwards (Equation 25). The second
term specifically represents contribution of fluctuations. The relationship between m*
and M, is not really understood. Some authors [40,89] initially proposed a universal
relationship between the two, but this does not seem to hold (as confirmed by des
Cloizeaux himself [98,99] and ref. [39]).

The reptation time used in Equation 39 is a “pure” reptation time (i.e. in a fixed
network), proportional to M°, which is not rescaled as in the DE theory with
fluctuations. However, since the model takes into account the CLF process, the
resulting relaxation time captures both reptation and CLF influences. It is therefore
approximately proportional to M>* [1,24,80] for small chain and goes back to M° for
very long chains.

4.1.7. Likhtman’s model (2002)

Likhtman et al. [40] revisit different aspects of the original DE theory, using
stochastic simulations in order to determine the accurate values of some constants of
the model. More specifically, the early times behaviour calculated by Doi (see
Equation 30) is based on two assumptions: (i) the survival probability of a tube
segment has a single-exponential form, (ii) the early fluctuations time can be found by
inverting the expression for mean-square displacement (see Equation 31). These
assumptions are revisited. Observing that the Rouse equation is invariant under the
scaling transformations r=A¢t’", R=A"R’ and i=1"%i’, where i is a monomer index and
R is its curvilinear coordinate, it is concluded that, for early times:

Lsurvival (t) — 1_& i
L Z\t

eq,0 e

1/4
J for 1< 1, (41)

where the constant C,, is found equal to 1.5 £ 0.02 by using stochastic simulations. The
parameter Ly,.;,,(t) does not represent the most probable chain length at time 7 (as
described in Equation 31), but rather the smallest chain length not yet visited by a
chain end. Note that a comparison between this expression and Equation 31 proposed
by Doi shows that the times for the same Ly, are proportional to each other.

A similar stochastic simulation approach is used to determine the accurate
prefactors in Equation 28, for times larger than 7;, when reptation is dominating.
Slightly different values from those proposed by Doi are obtained: C,=1.69 and
C,=4.17 [6]. In order to include CR, a method based on Rubinstein and Colby [95] is
used, which gives results similar to generalized double reptation (with $=2.2) at times
smaller than 7 but differs at longer times [40].

Importantly, the model clarifies that longitudinal Rouse modes in the tube
extend up to the time scale of 7 instead of 7, as proposed by DE. Hence, the plateau
modulus is no longer unequivocally defined and is replaced by the “entanglement
modulus”, G,, corresponding to the polymer stress state before the onset of the
longitudinal modes (see Section 3.5). Since their contribution is around 1/5 of G,, the
plateau modulus, is around 4/5 G, and practically, the relationship between the plateau
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modulus and the molecular weight between entanglements (Equation 3) is unaffected
[401].

In this model, the influence of the molecular environment on reptation time
(through a CR process) is neglected.

4.1.8. van Ruymbeke’s model (2002)

This model [39] is based on the TDD des Cloizeaux kernel [98] and on the
generalized double reptation mixing rule [17,89]. Even if very good predictions are
obtained with the unmodified TDD model (see Section 4.1.6) for high molecular
weight polystyrene (PS) blends, too fast a relaxation is predicted when the model is
extended to systems containing a significant fraction of short chains (M<4M,). This
problem is clearly linked to an overlap between the Rouse and reptation dynamics for
short chains. Therefore, a simple empirical modification is proposed. The results
obtained with different sets of experimental data (see Section 5.2.1) confirm that there
is no universal relationship between the TDD parameter m* and M,. The best-fit ratio
m*/M, is found to increase with decreasing M,, from 8.7 for PS (M,=18500 g/mol), to
20 for polycarbonate (M, =2500 g/mol), and 47 for polyethylene (M, =1500 g/mol).

4.1.9. Carrot’s model (2005)

In 2005, Carrot et al. [38] have proposed a new approach, based on the DE
kernel with fluctuations, #pg. . - In this case, the fluctuations parameter C; is fixed to
1. The CR process is considered in the same way as in the DTD model of Marrucci
[12] (see Section 3.4.2). However, the unrelaxed part of the polymer @(z), usually
depending on time ¢, is here assumed to rather depend on molecular weight: &(M). It is
calculated by assuming that any molecule with a reptation time (in a fixed network)
smaller than the reptation time of the observed molecule is fully relaxed. In the case of
polydisperse molecules, the mixing rule is then expressed as:

G(1)=G j; DMty et M) @, dM 42)

where @, is the volumetric fraction of molecules with mass M. This mixing rule, based
on DTD, is similar to the one derived from double reptation (Equation 10). However,
contrary to what is assumed in the classical double reptation approach, the reptation
time is rescaled by considering the effective primitive path length qu,0¢(t)”2 (see
Equation 13). Therefore, the reptation time directly depends on the unrelaxed fraction
of the polymer and thus, implicitly depends on molecular weight distribution.

In this model, a condition for switching between the dilated and skinny tube is
included in a different way than the SG criterion (see Section 3.4.5). While SG
proposes that the relaxed part of the polymer does not act immediately as solvent (and
thus does not contribute immediately to the dilation of the tube), the model proposed
by Carrot et al. assumes that the solvent appears immediately but that the loss of an
entanglement leads to a CR jump smaller than the tube diameter a, contrary to what
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has been proposed by Rubinstein and Colby [95] and is usually accepted. The jump,
according to Carrot et al. would actually depend on the available free volume around
the segment and would therefore relate to the packing length of the polymer.

4.1.10. Leygue’s model (2005-2006)

Leygue et al. [107,108] modify the basic diffusion equation proposed by Doi
and Edwards (Equation 23) to include the influence of CR:

9 p(s.1) _ D 9’ p(s,1)
Jt © 95

The second term of the right hand side corresponds to the CR effect. The coefficient
B(p(t)) represents the rate of constraint release, which may not be constant. When it is
made proportional to the rate of relaxation by reptation (see [107,108] for detailed
expressions), a result identical to generalized double reptation is obtained. The
advantage is that the modified diffusion equation describes the evolution of the tube
survival probability under the combined effects of reptation and constraint release.
From this expression, Leygue et al. have shown how to derive a mathematically linear
(as opposed to the original double reptation expression) approximation. The linear
model can be extended in a natural fashion to build a constitutive equation for non-
linear deformations [109]. Further, Leygue et al take CLF into account by making the
diffusion coefficient dependent on s as suggested by Graham et al. [110].

+B(p).p(s,t). 43)

4.2. Tube models based on the Milner-McLeish theory

Various tube-based models have been proposed for star molecules. All consider
the branching point as fixed in space until the arms fully relax, and assume that the
arms, unable to reptate, rather retract along the tube axis toward this branching point
by contour length fluctuations. This retraction is entropically unfavourable, as it takes
the “end-to-branch-point” distance away from its equilibrium value. Therefore, after
the early fluctuations process already described (see Equation 31), deeper, so-called
“activated”, retraction must be take place [21]. The early models, developed by de
Gennes [111], Doi and Kuzuu [112], Klein [13], Graessley [9] and Pearson and
Helfand [113], considered the arm retraction in a fixed tube. Later, Ball and McLeish
[18] incorporated the DTD mechanism, and Milner and McLeish [21] further refined
the model, which constitutes today the starting point of several models describing the
LVE of branched as well as linear polymers [22]. Linear chains are in this context
considered as two-arms star molecules able to reptate. In the following paragraphs, we
present the major models for linear chains, based on the Milner-McLeish theory.

4.2.1. Milner and McLeish model for linear polymers

In 1998, Milner and McLeish have proposed a new model to describe the
relaxation of monodisperse linear samples, considering a linear chain as a two arms
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star molecule [22]. For star polymers, after the early fluctuations process (Equation 31
or 41), arms retraction becomes entropically unfavourable and hence “activated”. The
potential associated to a position of the test chain-end along the tube axis is deriving
from two opposite forces: the first is entropic and tends to minimize the end-to-branch-
point distance of the chain, the second is topological and arises from the
entanglements with the surrounding molecules. The retraction time is directly
determined from this potential (see below, Equations 50 and 51) and increases
exponentially with the length of the arm and the fractional distance retracted.
However, activated fluctuations are neglected, in the case of linear chains, since
reptation should take place before activated fluctuations start. Only early fluctuations
are taken into account (see Equation 31). Note that the prefactors proposed in [22]
have been later corrected by Larson et al. [77]). Thus, at the shortest times, the
relaxation of a linear chain is described by early fluctuations, until the chain end
reaches a tube segment at x, where the transition toward reptation takes place.
Segments deeper than x, relax by reptation. In order to account for the fraction of the
molecule already relaxed by CLF, the reptation time 7, is rescaled as:

L 1)’
Td(M)Z Lmrelaxed( ) (M) (1 x ) (44)

ﬂ.ZD‘ d()

The value of x, is found by imposing the equivalence between the early fluctuations
expression 31 and the reptation expression 26.

It is interesting to note that the reptation time does not depend on the effective
equilibrium length L,,(t)=L.,0. " (= Legol I-xd)“ > in the monodisperse case), as
proposed by Marrucci [12] (see Equation 13). However, it scales with the unrelaxed
part of the linear chain, Lyreiaxea(t) = Lego (1-Xa).

In other papers by the authors, (e.g. [20] or [94]), the reptation time is
calculated differently as it is now proportional to 7;.(1 x2)%. P(x) (i.e. Ty0-(1 -x,) in the
monodisperse case), which amounts to combining both the DTD solvent effect and
the length reduction coming from CLF.

The relaxation modulus is obtained by adding up the different relaxation
processes:

G(t) = Grelraction (t) + Grepmlinn (t) + GRnuse ( ) (45)

: (=)
G m=|" dG(2(x)) exp ! dx; (46)
retraction 0 dx eurl‘ ( )

(i)
T (M)

(47)

reptutmn

(=G (P(x, )) p\

i ()dd

The term G(®) comes from the DTD model, which requires a rescaling of the plateau
modulus as a function of the relaxed part of the polymer (see Equation 15).
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In this model, CLF is independent from the molecular environment, as in the
Doi and Edwards theory since only early fluctuations are considered. On the contrary,
for star polymers, activated fluctuations are important and DTD will lead to an
influence of the environment relaxation on fluctuation times.

4.2.2. Pattamaprom’s model (2000, 2001)

Pattamaprom et al. [37,53] have extended the “dual constraint” model
developed by Mead, Van Dyke et al. (unpublished results) by inclusion of early times
CLF and constraint release Rouse relaxation [86]. “Dual constraint release” combines
both “double reptation” and “tube dilation” concepts, taking into account the polymer
solvent effect through Equations 10 and 50. It is based both on the work of Doi and
Edwards and on the work of Milner-McLeish The diffusion equation for the survival
tube probability p(x,?) is defined as:

dp(xt)_ D, azp(x B, )

Jt L, L? 3x° Tﬂw(x)’

(48)

where x goes from O at the end of the chain to 1 in the middle. Equation 48 includes
primitive path fluctuations, which are described by the second term of the right
member (this is why the authors write about “double diffusion”). The fluctuations time
of segment x is described in a way similar to the one proposed by Milner and McLeish
for star polymers, including the early fluctuations time 7, (x),as well as the activated
fluctuations time 7, (x) :

22572 (M o)

Ty (X) = . o (M 12) - x* (49)
: 256 L Me,OJ Troan
15kT
Ux)=—""—s®(1) x° 50
(x) SN12) b () x (50)
Tie (X) = T, -exp (U (x)/kT), 1)

where 1 is a waiting time [21]. To describe the transition between early and activated
fluctuations, Pattamaprom et al. propose a new expression, which is detailed in [37].
As explained in Section 4.2.1, the activated fluctuations are presumably irrelevant for
linear polymers. It is important to note that the prefactors in Equations 49 and 50
depend on the definition of M, (see [77]). In this model, reptation does not depend on
the environment and DTD is limited to Constraint release Rouse motions (see
Equation 16).

No analytical function for describing the kernel is required in this approach,
since the unrelaxed part of the polymer is directly calculated from Equation 48. One
important difference between this model and the models based on the Milner and
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McLeish theory for stars [21] is the explicit time dependence of the fluctuations
process, through 1), as opposed to a segment localization (x) dependence. This
allows, for example, to consider a time dependent tube diameter for the relaxation by
fluctuations of a segment x, whereas in the Milner and McLeish theory for stars
[22,96,114],a direct link between the dilated tube diameter and the segment location is

imposed (for example a=ay( I—x)” % in the monodisperse case) whatever the relaxation
state of the polymer.

4.2.3. Park and Larson’s model (2004, 2006)

The model of Park and Larson [42,43] is an extension of the model of Milner
and McLeish [22] to bi-disperse linear polymers, including constraint release Rouse
motion (see Equation 16) [86,79] and DTD. It is based on the model developed by
Milner et al. for blend of linear and star molecules [96], and takes into account the SG
criterion to decide if the relaxed short chains of a bidisperse blend can act as solvent
for the reptation process of the long chains [83,88].

The reptation time of a chain includes both DTD and CLF:
Ta(t) = Tao.(1-x0) . Psa(D)”, (52)

where @gg(t) either represents the unrelaxed part of the polymer or is equal to 1,
depending on whether the SG criterion is verified or not (see Section 3.4.5). Thus,
molecules can either reptate in a fully dilated tube or in the skinny tube. The critical
value for the SG number (see Equation 19) is fixed empirically at 0.064, while
previous studies used a value of 1 [42]. This new value strongly increases the dilution
effect of the relaxed polymer.

The extension of the Milner-McLeish model to bi-disperse polymers requires a
division of the time scale into different regions: before the reptation of the short
chains, just after the reptation of the short chains (i.e. when the constraint release
Rouse process occurs), after the reptation of the short chains but before the reptation of
the long chains, and finally after the fluctuations of the long chains. The “polymer
solvent” fraction is easily determined for each step of the relaxation, which allows to
define the transition segments x,(M) separating fluctuations and reptation processes.
As in the Milner-McLeish theory for linear polymers, only early fluctuations are
considered. Thus, fluctuations do not depend on the environment. This model is
limited to bi-disperse polymers. Solving the equations for more than two molecular
weights becomes rapidly cumbersome.

4.2.4. Lee and Archer’s model (2005)

This model [44] is close to the one proposed by Park and Larson [42,43], where
time is divided into different regions depending on the relaxation processes allowed, as
well as the relaxation modulus [42,96]. However, the same model can be used for star
polymers, therefore activated fluctuations are taken into account. Early and activated
fluctuations times are calculated as for star polymers (see ref. [21] for details).
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Reptation will occur in the skinny or in the dilated tube, depending on the SG
criterion. Reptation time is defined as in the Park-Larson model. The model also
includes the constraint release Rouse process (see Equation 16). Another difference
with the Park and Larson model is the value of the dilution exponent o, fixed tat 4/3
instead of 1.

4.2.5. van Ruymbeke’s model (2005, 2006)

Based on the Milner-McLeish theory, this model [28,45] considers early and
activated fluctuations (see Equations 31 and 51) in order to have a single model for
different architectures (linear or branched). The transition between the two processes
is obtained in a specific way, based on energetic considerations [28]. Contrary to the
other models based on the Milner-McLeish theory, the reptation time is calculated by
Equation 26, assuming that reptation occurs along the renormalized equilibrium length
Leq§l5(t)”2 of the whole molecule [28,45]. The unrelaxed part of the polymer @&t is
determined by using a time-marching algorithm, which calculates the proportion of
disoriented segments at each time step and uses this value for the DTD process in the
next time step. A new expression for the mixing rule is proposed, based on the model
of Milner-McLeish (Equations 45-47), which sums up the survival probabilities p of
every molecular segments, able to relax by dynamically diluted reptation, CLF as well
as by constraint release:

Gm=Gﬁ-(Z [ (P50 P (50 P(350) de (53)
i 0

Even if this mixing rule differs from the one proposed by Park and Larson, very
similar results are found in the bi-disperse case [115]. Since the relaxation of a
polydisperse polymer can be calculated without a division of time according the
different relaxation states or an a priori determination of the transition segments, this
approach can easily describe the LVE of polydisperse polymers, contrary to the
models of Park and Larson or Lee and Archer.

Van Ruymbeke et al. also propose a new way to account for the SG criterion by
allowing intermediate situations between the dilated and undilated tube [45].

S. PREDICTIONS OF TUBE MODELS

In this Section, we compare published predictions of the major models
presented in Section 4. Rather than being exhaustive, we emphasize predictions on the
same sets of data by several models. In many cases, predictions by advanced models
are nearly quantitative, with differences sometimes smaller than the experimental
errors, which highlights the importance of high quality data, especially master curves
[65] (see also Section 2). On the other hand, “extreme” systems, in particular blends of
two monodisperse polymers with widely separated molecular weights, often reveal
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huge differences. Those mainly arise from subtle differences in the way to treat CR, in
particular, the influence of DTD on the reptation process and on tube enlargement.
Therefore, bimodal blends, with their tunable volume ratios of short and long chains,
represent the best opportunity for discriminating comparisons between models. In
addition, non-rheological methods have sometimes been used on bimodal blends, such
as dielectric measurements [19,92,93] or neutron spin-echo measurements [117,118],
to complement the rheological data, and help unravel the complexities of CR. The
Section is organized as follows. In a first subsection, the material parameters of major
models will be compared and differences discussed. The next three subsections will be
concerned with predictions on monodisperse, bi-disperse and polydisperse samples,
respectively.

5.1. Materials parameters and comparisons

In order to predict the LVE of arbitrary samples, we must first determine the
material parameters of the models. This “calibration procedure” is usually carried out
“by hand” on specifically designated calibration samples, clearly separated from the

samples to be predicted. It concerns the plateau modulus G;)], the molecular weight

between two entanglements, M,, the Rouse time of a segment between entanglements
7,, and the dilution exponent & [12,67,75]. The latter is in principle only “model-
dependent”, not “material-dependent” for the same model. It is therefore a model
parameter rather than a material parameter. The parameter 7, is highly temperature-
dependent and has to be complemented by accurate information about the master
curve temperature and the WLF or Arrhenius dependence [61,62]. The small
temperature dependence of the plateau modulus is often hidden in the two-dimensional
optimization procedure leading to the master curve and can generate ambiguity in

some cases (see Section 2). Although a theoretical relation exists between Gg and M,

(see Equation 3), these two parameters have to be considered as independent -between
reasonable bounds- in most models. Moreover, material parameters identified through
the model calibration procedure do vary with the model used, and can differ from their
“experimental”, i.e. model-independent, counterpart (if accessible). Such differences
highlight the issue that tube models still do not reflect the dynamics of entangled
chains perfectly. Hence, the material parameters of a given model correspond to an
optimum for a range of samples rather than to absolute values. We compare below the
identified values for polystyrene (PS), polybutadiene (PBD) and polyisoprene (PI), the
most widely tested polymers. It can be seen that while the overall consistency is good,
small differences remain between the models. An important source of confusion has

been the use of the 4/5 factor in Equation 3. When this is clarified, G1(\)1 values are
rather consistent across the models.

Tables 1 to 3 summarize parameters used with various models. For models
originally based on the Gg -M, relationship without considering the 4/5 prefactor, the

rescaled value accounting for the prefactor is given between parentheses.
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M, (rescaled G° GO xM.
with the 4/5 N N
PS T, o T
prefactor) | [MPa] |[MPa’s/mol]
[g/mol] [s] [°C]
Carrot [35,38] 17500 0.2 2800 1.7x10* 1 185
(14000)
Leonardi [36] 18500 0.2 2960 6.1x107 1 160
(14800)
Likhtman [40] 12960 0.22% 2851 3.4x10™* / 180
Likhtman [40] 14470 0.22% 3111 9.2x10™ / 169.5
VanRuymbeke [39] 18500 0.2 2960 8.0x10* | 1.2 170
(14800)
Park-Larson [43] 14400 0.2 2880 3.3x107 1 167
VanRuymbeke [28] 16000 0.21 3360 8.0x10™* 1 169.5
Pattamaprom [37] 16625 0.2 2660 2.0x10° 1 169.5
(13300)
Table 1: Material parameters for PS. * considering GY = 5 G,
M, (rescaled Go Go M.
with the 4/5 N N
PI Te o T
prefactor) | [MPa] |[MPa’s/mol]
[g/mol] [s] [°C]
Park-Larson [43] 3800 0.44 1672 2.5x107 1 40
Park-Larson hier- 4054 0.44 1784 1.0x10° | 4/3 25
archical model [25]
Pattamaprom [37] | 5200 (4160) | 0.434 1805 6.0x107 1 25
Watanabe [92] 5000 0.520 2600 4/3
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M. Gy | GYxm,
PBD (rescaled with the Te o T
4/5 prefactor) [MPa] | [MPa’s/mol] o
(a/onol] [s] [°C]
Likhtman 1930 1.47 2837 49x107 | / 28
[40]*
Likhtman 1610 1.67 2680 29x107 | / 26
[40]*
Lee-Archer 1800 1.42 2556 3.0x107 | 473 | 28
[44]
Van 1650 1.05 1732 70x107 | 1.2 | 28
Ruymbeke
[45]
Park-Larson 2200 1.15 2530 9.5x 107 1 25
[41]
Park-Larson 1650 1.15 1898 37x107 | 43 | 25
[41]
Park-Larson 1543 1.15 1760 2.5x 107 1 25
[42]
Park-Larson 1543 1.15 1760 28x107 | 4/3 | 25
[42]
Park-Larson 1543 1.15 1760 2.0x 107 1 28
[43]
Park-Larson 1650 1.15 1898 37x107 | 4/3 | 25
hierarchical
model [25]
Pattamaprom 2269 (1815) 1.25 2269 1.3x10° 1 28
[37]
Table 3: Material parameters for PBD * considering G = %Gp
plglem’) | GO (Mpay | Me(gmoD | G0y, | T (C)
PS 0.969 0.2 13309- 2662-2694 140
13469
1-4 PBd 0.895 1.15-1.11 1543-1601 | 1760-1778 25
1-4P1 0.9 0.35 5097 1784 25
Table 4: : Material parameters published by Fetters et al. [75]
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In Table 4, the values of the same parameters proposed by Fetters et al. [75] are
given for comparison purposes. These values are often used as reference. The
relationship between Gz(v and M, includes the 4/5 prefactor.

Recently, Liu et al. have reanalyzed published rheology data for monodisperse
PBD, PI and PS samples with a wide range of molecular weights and from different
sources. The average plateau modulus values based on several experimental methods
are very consistent. They are summarized in Table 5, as well as the corresponding
values of M,. Again, the relationship between Gz and M, includes the 4/5 prefactor.

PS 0.959 | 0.195 (+-0.015) 14800 2886 210
1-4 PBd 0.895 1.16 (+-0.06) 1570 1821 25
1-4 PI 0.9 0.38(+-0.04) 4730 1797 25

Table 5: Material parameters published by Liu et al. [67]

From the values reported in Tables 1 to 3, it seems obvious that there is no
consensus about the value of dilution exponent & This discrepancy is also observed
for branched polymers [25-32,119]. Only for PS there is a preference for zequal to 1.
However, contrary to the situation for PBD and PI, most of the models have only been
tested on linear PS, which is less discriminating than branched polymers. In general,
the material parameters used in the models are close to the values found from
experiments. The larger discrepancy is observed for PI, for which the plateau modulus
is overestimated by all models. An important observation concerns variability of the
Rouse time of a segment between entanglements. For example, for PBD samples, all
of them measured between 25°C and 28°C, 7, varies from 2x107 to 9.5x107s, i.e.
more than a factor four difference, although the plateau modulus and M, are well
approximated (the temperature range cannot explain these differences). A more
consistent, experimentally based, determination of 7, has recently been proposed by
Liu et al [69].

In the next subsections, comparisons between experiments and predictions are
presented. The rheological data predicted with the help of different models require
correspondingly different sets of parameters for equal agreement with the data. This
comes from intrinsic differences between the models but also from the relatively
shallow optimum for the parameters values. As a consequence, more than one set of
parameters can lead to a good fit between models and predictions [41].

86 © The British Society of Rheology, 2007  (http://www.bsr.org.uk)



E. van Ruymbeke, C.-Y. Liu and C. Bailly, Rheology Reviews 2007, 53 - 134.

5.2. Predictions for monodisperse samples

5.2.1. Models based on Doi-Edwards [6]

As already mentioned in Section 2, terminal relaxation times of monodisperse
samples scale approximately as M>*, as opposed to the cubic dependence predicted by
pure reptation. This deviation can be explained by the influence of the CLF process
[7]. When including this effect and a reasonable approximation of CR, most models
are able to quantitatively predict the location and the shape of the terminal relaxation
peak for monodisperse polymers.

Gl Glt

107} %
10% 10" 1 100 10° 10
o (rad/sec)
G! G!I
(Pa)
107 |
' i
10"
10’;: b '
102 10" 1?10 1f 10
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Figure 8: Comparison between predicted (—) and experimental (---)
dynamic moduli for a monodisperse PS sample with M,,=355kg/mol
[39], using the model of DE (a) without or (b) with the CLF effect.
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This is illustrated by Figure 8 for a monodisperse PS with 355 kg/mol molar
mass from [39]. The Figure compares the prediction by the DE model (with and
without fluctuations) and the corresponding experimental data. CR effects are taken
into account by a double reptation mixing rule (see Equation 10) [16,17].
Monodisperse samples are less affected than polydisperse polymers by CR effects
[16,89]. The DE model without fluctuations clearly underestimates the polymer
relaxation at intermediate frequencies, between the equilibrium Rouse dynamics and
the reptation of the chain [39]. Inclusion of CLF, leads to an excellent agreement with
the data. This is true for the shape of the relaxation peak as well as the scaling of the
terminal relaxation time.

Based on a different approach, the des Cloizeaux model with time dependent
diffusion [98] (see Section 4.1.6) also leads also to excellent predictions for
monodisperse samples [39,89,99]. This model contains a specific material parameter
m* (with the dimension of a molar mass) which accounts for an “internal Rouse time”
and is linked to the importance of the CLF process. As proposed by des Cloizeaux
himself [89,99], this parameter must be taken as an (additional) fit parameter. In ref.
[40], Likhtman et al. show that considering this internal Rouse time as equivalent to
the Rouse time of the chain leads to an underestimation of CLF.

Likhtman et al. have published a very accurate model, avoiding most of the
approximations accepted in the DE model [6]. Their work [40] only focuses on
monodisperse samples. Comparisons between theory and experiments obtained for
two different polymers (PS and PBD) are presented in Figure 9.

While excellent agreement between the predictions and the experimental data is
obtained for the set of PS samples (Figure 9.a) based on the theoretical Gg (actually,

G,) vs. M, relationship, imposing this relationship for PBD [121,122] leads to large
discrepancy between the data and predictions (see Figure 9.b). In this case, a good fit

of the experiments by the model requires a higher G;’/ by 40% (see Figure 9.c).

Therefore, the authors claim that the level of precision of their model allows them to
“see, for the first time, the difference between PS and PBD behaviour”. However, we
cannot exclude that the imprecision of the experimental data explain the apparent
discrepancy rather than the model. To argue this assumption, we compare in Figure
10, the data obtained by Baumgaertel et al [121] for a PBD sample with 97 kg/mol
molar mass, with the data obtained by Liu et al. for a PBD with the same molar mass
within experimental error (99 kg/mol) [123]. The 97 kg/mol curve has been shifted
horizontally from 28°C to 25°C to overlap with the 99 kg/mol curve, using the WLF
relationship and parameters C1 and C2 taken from [1]. (The shift factor is equal to
0.92.).
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Figure 9: Likhtman et al. model: comparison between predicted (—)
and experimental () dynamic moduli for (a) monodisperse PS
samples from Graessley and Roovers [120] with M, = 275 and
860kg/mol, (b and c) monodisperse PBD samples from Baumgaertel et
al. [121] with M, = 20.7, 44.1, 97 and 201 kg/mol. Constrained

relationship between Gg and M, used in (b) and independent fitting

parameters in (c).
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Figure 10: Comparison between experimental dynamic moduli of PBD
samples from Liu et al. [123] (Mw=99kg/mol, continuous line)
Baumgaertel et al. [121] (Mw=97kg/mol, open circles).

While terminal relaxations are in good agreement, a large discrepancy is found
at higher frequencies, which cannot be explained by the minute difference in
molecular weight. From this Figure, it seems clear that no model will be able to fit
both sets of data. The resulting inaccuracy on the horizontal scale (i.e. 7%) can be
reflected, through the calibration procedure, on the other material parameters,

including Gg .
5.2.2. Models based on the Milner-McLeish theory

Park and Larson have compared the predictions by the Milner-McLeish model
[22] with the same experimental PBD data from Baumgaertel et al. [121]. In
particular, they have tried to determine which value of the dilution exponent ¢, either
1 or 1.3 gives the best predictions [41]. Results are shown in Figure 11 (the high
frequency Rouse relaxation is not taken into account in the predictions).

The agreement is very similar for the two values of the dilution exponent.
However, when using the same plateau modulus (i.e. G;’/ =1.15 MPa) the authors find
very different values for M, : 2200 g/mol when =1 and of 1650 g/mol when a=1.3.
The value calculated from Equation 3 is 1543 g/mol. Hence, using a dilution exponent
equal to 1.3 leads to a molar mass between entanglements in better agreement with the
theoretical Gz -M, relationship. This comparison shows the difficulty to properly
define the best set of parameters for monodisperse samples. Bidisperse samples are
more sensitive [42-44] but still do not provide a clear choice for the parameters. More
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complex, branched, structures must be used as well [27,28,32] but this is not possible
within the frame of the models derived from DE.
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Figure 11: Model proposed by Park and Larson: comparison between
predicted (lines) and experimental (symbols) storage (a) and loss (b)
moduli for monodisperse PBD samples from Baumgaertel et al. [121]
with M,=20.7, 44.1, 97 and 201 kg/mol. Continuous lines are model
predictions using o=1 and dashed lines are model predictions using
o=1.3 [41].
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by Giw) [Pa]

Figure 12: Model proposed by Lee et al.: comparison between predicted
(lines) and experimental (symbols) dynamic moduli for monodisperse
PBD samples from Archer et al. [122] with M,,=74, 161 and 395 kg/mol.

Lee et al. [44] have tested their model on a set of PBD samples from Juliani and
Archer [122]. Results obtained when using the best fit parameters for G;)/ , M, and 7,
are shown in Figure 12 (the dilution exponent is fixed to 4/3). Here, a discrepancy of
20% is found vs. the theoretical G]?, -M, relationship, as opposed to 40% in ref. [40]

for the same sample [122]. This difference probably originates from the different
values taken for ¢ used in both approaches.

Van Ruymbeke et al. [28] have made predictions for linear PS and PBD by first
adjusting the material parameters on branched samples (pompom polymers) and using
the values for predicting the LVE of linear polymers. Two sets of literature data have
been used, the first (PS samples) coming from Graessley and Roovers [120] (see also
Figure 9.a) and the second (PBD samples) from Archer et al. [124]. Comparisons with
predictions are shown in Figure 13. Note that the PBD samples tested contain more
than 50% of 1,2 microstructure [26,124]. As a result, the plateau modulus is very low
(and thus, M, is very high).
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Figure 13: Model proposed by van Ruymbeke et al.(2006): comparison
between predicted (lines) and experimental (symbols) dynamic moduli
for (a) monodisperse PS samples from Graessley and Roovers [120] with
M,,=275 and 800kg/mol, and (b,c) monodisperse PBD samples from
Archer et al. [124] with M,,=86, 129 and 176 kg/mol.
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Van Ruymbeke et al. [28] have made predictions for linear PS and PBD by first
adjusting the material parameters on branched samples (pompom polymers) and using
the values for predicting the LVE of linear polymers. Two sets of literature data have
been used, the first (PS samples) coming from Graessley and Roovers [120] (see also
Figure 9.a) and the second (PBD samples) from Archer et al. [124]. Comparisons with
predictions are shown in Figure 13. Note that the PBD samples tested contain more
than 50% of 1,2 microstructure [26,124]. As a result, the plateau modulus is very low
(and thus, M, is very high).

Pattamaprom et al.[37] have also tested the set of PBD data generated by
Baumgaertel et al. [121], as shown in Figure 14. For a same quality of fit, the error vs.
the theoretical G; - M, relationship (with a=1) is smaller than with the Likhtman [40]
or the Park-Larson models [41].
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Figure 14a,b: Model proposed by Pattamaprom et al.: comparison
between predicted (lines) and experimental (symbols) dynamic moduli
for monodisperse PBD samples from Baumgaertel et al. [121] with
M,,=20.7, 44.1, 97 and 201 kg/mol.
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Figure 14c,d: Figure 14: Model proposed by Pattamaprom et al.:
comparison between predicted (lines) and experimental (symbols)
dynamic moduli for monodisperse PS samples from Graessely and
Roovers [120] with M,,=275 and 800 kg/mol.

5.4. Polydisperse samples

5.4.1. Models based on the DE theory

In literature, only few comparisons between predictions and experiments have
been proposed for polydisperse linear samples, compared to monodisperse and
bidisperse samples. The main results are presented below.
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In an early paper on the subject, Wasserman and Graessley [89] compare the
single exponential kernel [82], the step function kernel [85], the BSW kernel [116] and
the des Cloizeaux kernel [98] combined with the double reptation mixing rule (see
Equation 32), for a large variety of polydisperse polymers. It is found that the step
function and the single exponential kernels are not appropriate for describing the LVE
of linear polymers. A representative result is shown in Figure 15 for a commercial PS
sample (the high frequency Rouse relaxation is not taken into account by the model).
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Figure 15a,b: Comparison between predicted (—) and experimental
(symbols) dynamic moduli of a polydisperse PS sample (M,=321kg/mol
and M,=172 kg/mol) with different models: (a) using the step function,
(b) using the Single exponential kernel.
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Figure 15c,d: Comparison between predicted (—) and experimental
(symbols) dynamic moduli of a polydisperse PS sample (M,,=321kg/mol
and M,=172 kg/mol) with different models: (c) using the BSW
Spectrum, (d) using the des Cloizeaux kernel.

In ref. [36], Leonardi et al. compare their approach (see Section 4.1.5) with the
model of Carrot et al. [35] and the one proposed by Mead [90,91]. The latter is similar
to Carrot’s but does not take into account the tube renewal process. A large set of

polydisperse
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polyethylene [HDPE]) is considered. A representative result is shown in Figure 16 for
a PS sample with a polydispersity of 3.4.
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Figure 16: Comparison between predicted and experimental (symbols)
dynamic moduli of a polydisperse PS sample (M,=326kg/mol and
M,=96 kg/mol) by different models: the Mead model (—), the model of
Carrot (---) and the model of Leonardi (thick —).

For polymers with such a broad distribution, taking into account the
polydispersity effect on the relaxation of a molecule through the tube renewal process
strongly affects the terminal relaxation time. This is highlighted by the difference
between the predictions obtained by the models of Carrot and Mead [35,90]. However,
it is also found that for well-entangled samples with smaller polydispersity (around 2),
the tube renewal effects are negligible and no real difference appears between the three
models. This is in agreement with the SG criterion of (see Section 3.4.5) [88].

In ref. [38], Carrot et al. compare predictions and experiments for different
polydisperse samples, using their new model. A good agreement is found for
polydisperse PS samples. However, for HDPE, polypropylene (PP) and PMMA
samples, the model, which considers that the relaxed part of the polymer acts
immediately as a solvent, predicts too fast a terminal relaxation, as shown in Figure
17.
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This is attributed by the authors to the fact that CR does not lead to an effective
jump of a length equal to the tube diameter, but rather to a smaller distance, depending
on the available volume around the segment (see Section 4.1.9). Predictions obtained
with this modification in the dilution process are in excellent agreement with the data.
One representative result is shown in Figure 17.

Storage and Loss Modulus [Pa]

10° 10" 10’ 10' 10° 10’
Frequency [rad/s]

Figure 17: Comparison between predicted and experimental
(symbols) dynamic moduli of a polydisperse PS sample
(M,=326kg/mol and M,=96 kg/mol) with different models: the
Mead model (—), the model of Carrot (---) and the model of
Leonardi (thick—).

In ref. [39], van Ruymbeke et al. present a comparison between their model and
various data sets for polydisperse HDPE and polycarbonate (PC) samples. For most of
the samples tested, polydispersity is around 2. Therefore, neglecting the solvent effect
in the reptation process remains a good approximation [36,88]. Representative results
are shown in Figure 18 for two different polydisperse PC samples.

In ref. [37], Pattamaprom et al. have tested their dual-constraint-model on
polydisperse PS samples measured by Wasserman and Graessley [89], as shown in
Figure 19. Good agreement is found between the theory and the experiments, except
for the high frequency-Rouse relaxation where the model predicts too slow a
relaxation.

In ref. [89], Wasserman and Graessley compare these two samples with the des
Cloizeaux model and also find a very good agreement between predictions and
experiments.
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Figure 18: Comparison between predicted (—) and experimental (----)
of two polydisperse PC samples [125]
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M, =28 kg/mol), using the model of van Ruymbeke et al. [39]
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Figure 19: Comparison between predicted (—) and experimental
(symbols) dynamic moduli of two polydisperse PS samples
((black):M,,=356kg/mol and M,=154 kg/mol, (grey): M,=398kg/mol
and M,=155 kg/mol), using the model of Pattamaprom et al [37]

5.4.2. Models based on the Milner-McLeish theory

Based on the Milner-McLeish theory, the approach proposed by Park and al.
[42,43] and by Lee et al. [44] cannot be extended easily to polydisperse samples.
Indeed, the transition times between the CLF and reptation processes of all the
different molecules must be determined a priori, which already becomes cumbersome
for binary blends, not to mention polydisperse ones [44].

Because it uses a time-marching algorithm to determine the unrelaxed part of
the polymer at each time step and considers CLF and reptation simultaneously, the
model proposed by van Ruymbeke et al. [28,45] does not require an a priori definition
of these times and thus, can be used with polydisperse samples. In ref. [58], this
approach is tested on the same set of polydisperse PC samples proposed in ref. [39].
Results obtained for the two samples presented in Figure 18 are shown in Figure 20.

In ref. [27], Park et al. modify the hierarchical model presented by Larson [26]
to give a better quantitative agreement with experimental data for long-chain branched
polymers. Because it determines @(x,#) at each time step, this model can also deal with
polydisperse polymers. In the same way, Das et al. [32] have recently proposed a
general time-marching algorithm for predicting the LVE of branched polymers, which
can be used as well for polydisperse linear polymers. However, no comparison
between theory and experiments is proposed for polydisperse linear systems.
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Figure 20: Comparison between predicted (—) and experimental (000)
dynamic moduli of two polydisperse PC samples [125]
((@):M,,=22.7kg/mol and M,=9.6 kg/mol, (b): M,=39%g/mol and
M, = 28 kg/mol), using the model of van Ruymbeke et al. [28,45].

5.4.3. Detection of low levels of long chain branching (LCB) by comparison with
models for linear polymers

Many studies [24,53-59,126,127] have shown that the presence of LCB in a
well-entangled polymer melt has a dominant influence on linear viscoelasticity. The
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relaxation of a long chain branched polymer is in most cases much slower than the
relaxation of a linear polymer with the same molar mass distribution. Following tube
theory, this is understood by a completely different balance between reptation and
fluctuations relaxation processes for the two architectures. Since tube-based models
lead to quantitative predictions for LVE of linear polymers, discrepancies between the
experimental relaxation of a given sample and its predicted relaxation, calculated
assuming that the polymer is linear, can give important qualitative information about
the presence of long chain branching in the sample [57,58].

This approach has been used by Pattamaprom et al. [53] for a long chain-
branched linear low density polyethylene (LLDPE). The material parameters taken
from Fetters et al. [75] have been found to correctly predict a linear LLDPE sample,
while a large discrepancy has been observed for a branched sample when assuming
that it is linear. This is shown in Figure 21.

In ref. [57], van Ruymbeke et al. compare this approach with the zero-shear
viscosity method and the activation energy spectrum method to detect low level of
branching in HDPE samples with broad molar mass distribution. It appears that the
comparison between predicted and experimental relaxation moduli gives more clear
cut results than those obtained with the zero-shear viscosity method. The sensitivity is
comparable with the activation energy spectrum method described in [54]. However,
the use of the approach proposed is not restricted to thermorheologically complex
polymers.

In ref. [58], this approach is compared with a size-exclusion chromatography
detection method for sparsely branched PC samples [125]. The solution method is
based on the viscosity branching index g’ obtained by online intrinsic viscosity
measurements of the linear and branched samples. The two detection methods are
supported by Monte Carlo simulations providing an explicit description of the
molecular architectures present in the samples. It is shown that the comparison
between the observed and predicted dynamic moduli is much more sensitive for the
detection of sparse long chain branching than the chromatographic method.

5.4. Binary blends: testing the limits of Dynamic Tube Dilation

Predicting LVE of a blend of two monodisperse linear polymers is, without any
doubt, the best and toughest way to test the validity of the models, especially the
correct description of the relaxation mechanisms collectively described as constraint
release. In particular, the study of these systems has shown the dependence of the
reptation time on the molecular environment as well as the limits of the original DTD
concept [19,66,92,93]. By including the SG criterion [88] (Section 3.4.5) or the CRR
dynamics (Section 3.4.3), advanced models try to correct limitations of “full” DTD.

However, as described below, different questions remain unsolved, as
predictions and experiments still show discrepancies in specific cases.
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Figure 21: Comparison between predicted (—) and experimental
(symbols) dynamic moduli and viscosity of two polydisperse LLDPE
samples from [128]: (a) linear LLDPE (M,=114kg/mol and M,=55
kg/mol), (b): branched LLDPE (M,,=98.6kg/mol and M,=48 kg/mol),
using the model of Pattamaprom et al. [53] for linear polymers.
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5.4.1. Predictions by early models (mainly derived from DE)

In 1998, Maier et al. have tested the validity of different kernels on a bidisperse
polystyrene sample [100]: the “step” kernel of Tuminello (1 if <7,,, O otherwise)
[85,129], the single exponential kernel [90,91], the Doi kernel without fluctuations [6],
the BSW kernel (Baumgaertel, Schausberger, Winter) [116] and the des Cloizeaux
kernel with time dependent diffusion [98]. The authors start from the mixing rule
represented by Equation 32. However, they include directly the kernel in the mixing
law, instead of using the unrelaxed fraction of the corresponding monodisperse
sample. This error leads, for example to a factor (/+¢) in front of the characteristic
time for the single exponential kernel. In order to include the influence of CLF on the
relaxation process, the reptation time is considered to scale as M>*" for all the kernels.
This choice disqualifies the predictions obtained with the des Cloizeaux kernel for
which the basic reptation time has to scale as M [98] (see Section 4.1.6). The mixing
law of Equation 32 is tested with different values of £. Since the samples considered
have a large fraction of short chains, the Rouse process and the disentanglement
process overlap at intermediate frequencies. The fact that only the disentanglement
process if used here to fit this region probably explains the very high value of the
dilution exponent & ( = 2.84) found as the best fit-parameter.

In ref. [38], Carrot et al. revisited the same experimental data, using the DE
kernel with CLF, and including rescaling of the reptation time by DTD (see Equation
34). Predictions and experiments are in very good agreement, as shown in Figure 22.

Storage and Loss Modulus [Pa]

(a) Frequency [rad/s]

Figure 22: Comparison between predicted (—) and experimental (symbol)
dynamic moduli for a bidisperse PS samples from Maier et al. [100]
composed of linear chains with M,,=70 and 190kg/mol in proportions 80/20
and 20/80.
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In ref. [36], Leonardi et al. compare the approaches of Mead (single
exponential kernel)[90,91], Maier et al. (with a=2.84 for PS) [100], Carrot [35] and
their own model. It is concluded that, for binary blends, the Mead model overestimates
the terminal relaxation time and that the Maier approach strongly underestimates
moduli in the terminal region. Being both based on a similar tube renewal concept, the
Carrot and Leonardi models give nearly identical results.

In ref. [39] van Ruymbeke et al. compare the kernel of DE with or without CLF
to the time dependent diffusion kernel of des Cloizeaux, through a double reptation
mixing law (see Equation 38). The SG numbers of the binary blends tested in this
paper are small enough to consider that reptation of the long chains occurs in the
skinny tube (although this is not stated in the original paper). It is concluded that the
DE kernel alone does not capture the intermediate frequency range correctly, and that
the kernel of des Cloizeaux performs slightly better than the DE kernel including CLF.
Comparison for a representative binary blend is shown in Figure 23.
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Figure 23: Comparison between predicted (—) and experimental (---)
dynamic moduli for bidisperse PS samples from van Ruymbeke et al.
[39] composed of linear chains with M,=190 and 920kg/mol in
proportion 50/50, using (a) the model of DE, (b) the model of DE with
fluctuations, (c¢) the model of des Cloizeaux

A representative result obtained with the model of Pattamaprom et al. [37] is
shown in Figure 24. Because the model does not consider the SG criterion, reptation is
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assumed to always take place in the skinny tube. This probably explains the
discrepancy found in Figure 24.a [88] for this particular system since the criterion
should be taken into account. On the other hand, inclusion of the CR Rouse
mechanism leads to very good predictions for systems containing a few percent of

long chains in a short chain matrix, as shown in Figure 24.b.
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Figure 24: (a): Comparison between predicted (—) and

experimental (symbol) loss moduli for bidisperse PBD samples
from Struglinski et al. [88] composed of linear chains with
M, =41 and 435kg/mol in different proportions, considering
reptation in the skinny tube. (b and c): Comparison between
predicted (—) and experimental (symbol) dynamic moduli for
bidisperse PS samples from Montfort et al. [102] composed of
linear chains with M,=160 and 670kg/mol in different
proportions.
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5.4.2. Predictions based on models derived from the Milner-McLeish theory

The most extensive (and quite recent) work on the prediction of LVE for
bidisperse polymers has been proposed by Park and Larson [42,43]. Their approach is
tested on a large set of experimental data for PBD and PI coming from literature, where
the importance of the SG criterion is studied in detail. Based on the work of Green et
al. [97], the numerical value of the criterion (see Equation 19) is fixed at 0.064 instead
of the usual value of 1. In general, the agreement between experiments and predictions
is quite good. Representative results are shown in Figure 25, for a blend of PI [92,93]
and a blend of PBD samples [44].
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Figure 25a,b: Comparison between predicted (—) and experimental
(symbol) dynamic moduli for bidisperse PI samples from Watanabe et al.
[92,93] composed of linear chains with M,,=21 and 208kg/mol in different
proportions, considering reptation of the long molecules in a dilated tube.
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Figure 25¢,d: Comparison between predicted (—) and experimental (symbol)
dynamic moduli for bidisperse PBD samples from Lee et al. [44] composed of
linear chains with M=25 and 160kg/mol in different proportions, considering
reptation of the long molecules in the undilated tube.

For the systems illustrated in Figures 25.a and 25.b, reptation is considered to
take place in the fully dilated tube since the SG number is equal to 0.48, while, for
systems corresponding to Figures 25.c and 25.d, reptation occurs in the skinny tube
because SG = 0.025. For all samples, the dilution exponent «is fixed at 1, as opposed
to 1.3 proposed by Watanabe for PI binary samples (including those of Figures 25.a
and b) [92,93].
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However, the model seems inappropriate for predicting the LVE of long chains
in a very short matrix, as shown in Figure 26 in the case of long PBD chains (410
kg/mol) mixed with very short chains (3.9 kg/mol) [66].
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Figure 26: Comparison between predicted (—) and experimental (symbol)
dynamic moduli for bidisperse PBD samples from Wang et al. [66]
composed of linear chains with M,=3.9 and 410 kg/mol in different
proportions, considering reptation of the high Mw-molecules in the dilated
tube.(T=40°C).

In ref. [44], Lee et al. (see Section 4.2.4) also propose a set of comparisons
between experiments and theory for (partly) the same samples. Since the authors
follow a similar approach to Park and Larson [42,43], results would be expected to be
similar. However, Lee et al. use very different values of the materials parameters and
the dilution exponent ¢ is here fixed at 1.3. For each case, they compare results
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obtained in the dilated and the skinny tube. In particular, predictions obtained for the

PBD sample already shown in Figures 25¢ and 25d are presented in Figure 27.
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Figure 27: Comparison between predicted (lines) and experimental
(symbol) dynamic moduli for bidisperse linear PBD samples with M,,=25
and 395 kg/mol or 161kg/mol [44].

(a:) in proportion 50/50. Predictions are obtained by considering reptation

of the long molecules in a dilated tube (— - — and — - —), or in an
undilated tube (--- and ---) (b): in proportion L/S 20/80, considering
reptation of the long molecules in a dilated tube (----- and - - -).
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Figure 28: Comparison between predicted (lines) and experimental
(symbols) dynamic moduli for (a and b) bidisperse PBD samples from
Lee et al. [44] composed of linear chains with M,=25 and 160kg/mol
in different proportions, considering reptation of the long molecules in
continuously increasing tube (— —), or considering a skinny tube
(thin lines) or a completely dilated tube (thick line). Parameters are
identical to those in Figure 25.
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Contrary to Park and Larson [42,43], Lee et al. conclude that long chains
reptate in a dilated tube, even if the SG criterion predicts the “skinny tube regime”. A
particularly interesting example is the case of a PBD binary blend consisting of 20%
long chains (161kg/mol) in 80% short chains (25 kg/mol) matrix (compare Figures
25¢,d and 27b). Underestimated by Lee at al. but overestimated by Park and Larson,
this system shows the limit of the two extreme approaches (fully dilated vs.
completely undilated tube), the real case probably being somewhere in between, as
proposed by Park and Larson themselves [43].

Also based on the Milner-McLeish theory, results obtained with the model
proposed by van Ruymbeke et al. [28,45] are very similar to those of Park and Larson,
even if the mixing law and the method to include CLF are different. As an example,
predictions obtained for the same PBD blend already shown in Figure 25c-d, are
presented in Figure 28. The authors use the same parameters as Park and Larson. By
accounting for the SG criterion in a continuous way (see Section 3.4.5), this model
offers more flexibility to deal with the short chains solvent effect. In this specific case,
as shown in Figure 28, excellent agreement is obtained if the long chains are assumed
to reptate in a nearly undilated tube, while both extreme “full dilation” and “no
dilation” hypotheses lead to significant discrepancies between experiments and
predictions.

From these recent results (see also Section 6), it now seems clear that models,
which do not allow the reptation time to depend on the polymer solvent (as models
described in Section 4.1.1, 4.1.2, 4.1.6, 4.1.7 and 4.1.8) are limited to binary blends
with moderate molecular weights distributions, i.e. when reptation always takes place
in the skinny tube. The tube renewal process [9-13, 101-105] is an alternative way to
include the solvent effect of short chains on long chains: in ref. [38], Carrot et al.
compare their 2005 model (see Section 4.1.9), which includes DTD for the
determination of the reptation time [12], with a simple double reptation approach
combined with tube renewal for bidisperse samples [38]. They conclude that the
observed shifts of the terminal relaxation times found with both models are indeed
similar. However, the inclusion of DTD in the reptation time allows accounting for the
MWD contribution in a more self-consistent way.

6. RECENT EXPERIMENTAL EVIDENCE AND THE LIMITS OF TUBE
MODELS

Recent experimental work is starting to throw new light on the limits of
advanced tube models, already evidenced by the failure of some predictions for
extreme bimodal blends. Not surprisingly, this effort also focuses on binary blends, but
often merges the inputs from several techniques in order to clarify the details of the
relaxation mechanisms, especially the issues surrounding DTD.
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6.1. Dielectric spectroscopy combined with rheology

In order to isolate the DTD effect from the other relaxation processes,
Watanabe et al. [92,93] have compared the dielectric and viscoelastic relaxations of
bidisperse polymers consisting of long cis-PI chains in a matrix of short chains. These
molecules have their dipoles parallel to the backbone and hence dielectric relaxation
detects the end-to-end vector fluctuations. The dielectric relaxation function is
essentially equivalent to the tube survival fraction @(z) [19]. Two different blends are
considered: long PI chains of 308 kg/mol in a matrix of short chains with 94 kg/mol or

21 kg/mol molar mass respectively. Two important issues with the predictions come
out of these experiments.
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Figure 29: Comparison between the normalized experimental
viscoelastic relaxation function p(t) (circles) of PI bidisperse samples
[92] composed of 3%, 10%, 20% and 50% of long chains with
M,,=308kg/mol in a matrix of short chains with M,=21kg/mol, with the
relaxation function based on the full-DTD model (continuous lines)
calculated from the dielectric data.
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6.1.1. Validity limits of the DTD picture at intermediate times

First, the validity of the DTD picture has been tested by comparing the
experimental relaxation moduli with the expected values, as predicted by the DTD or
double reptation assumptions (see Equation 15) and calculated from the relaxed
fraction @(z) experimentally determined by the dielectric measurements [92,93]. As
shown in Figure 29 in the case of long chain diluted in a matrix of 21 kg/mol chains,
the “full DTD” assumption fails at intermediate relaxation times for small proportions
of long chains (the higher the fraction of short chains, the more dilated the tube
predicted by full DTD will be). This failure is explained by considering that the rate of
tube dilation cannot exceed the rate of Rouse tube motions. Indeed, after the short
chains have reptated, the long ones need a certain time before they can occupy their
new dilated tube. In the interval, the long chains undergo unconstrained Rouse
motions, until they feel (reach) the dilated tube, as described by the Constraint Release
Rouse regime (see Section 3.4.3). Therefore, a partial DTD process is proposed, which
accounts for this limitation. It is based on the same idea as Equation 17.

6.1.2. Validity limits of the DTD picture at terminal relaxation times

A second important conclusion is drawn from the terminal relaxation times of
long chains in different matrices (94 kg/mol, 21 kg/mol) or real solvent, determined
from the experimental data [92,93]: the relaxation behaviour of the long chains
significantly changes with the length of the matrix chains (see Figure 30).

log (<13>¢f5)
e

log (Jo/Pa )

w

4t
a ¥ P
(@)
2 N 2 " " ¥ 1 M N X
25 20 -15 -10 05 000
Log{®p.,) Log(®p,)

Figure 30: Viscosity m,, and compliance Jz of long chains
(M, =308kg/mol) blended with short chains of M, =94 kg/mol ([]), with
short chains of M,=21 kg/mol (00), or diluted in real solvent (AA), in
different proportions @, (at 40°C). The dash-dot curve in part b shows
the compliance corresponding to the Rouse-CR mechanism.
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Furthermore, when diluted enough, the long chains in the 21 kg/mol matrix
behave as truly dilute chains in a solvent since their steady-state compliance is
inversely proportional to their concentration and their relaxation time is independent of
the concentration [93]. At small long chains concentration, the minimum terminal
relaxation time 7, is equal to the CR Rouse time: entanglements become ineffective at
long times, which is in agreement with the SG criterion (SG=0.79). The only
difference with the relaxation in a solvent comes from the fact that the relaxation of
long chains in a true solvent is completely free from CR effects. On the other hand,
long chains in the 94 kg/mol matrix show a weaker concentration dependence of the
terminal behaviour than 21 kg/mol matrix. Furthermore, for concentrations of long
chains less than 20%, the steady state compliance is considerably smaller than in a real
solvent: the similarity with the solution vanishes. The terminal relaxation times at
small volumetric fractions of long chains are smaller than the estimated CR relaxation
time (estimated around 7s), which means that the long chain relax before the CR-
equilibrium due to the short chains relaxation. Again, this is in agreement with the SG
criterion of (SG number=0.0093) [88].

From these experimental results, we can conclude that the relaxation time of the
long chains depends on the polydispersity of the polymer (or the environment, more
generally). This dependence is strongly linked to the SG criterion [88]: diluted in same
proportion in different matrixes, molecules do behave differently, integrating more or
less “solvent effect” in their disorientation process.

6.2. Test of DTD by Wang et al.

In ref. [66], S. Wang et al. propose a huge set of experimental data on binary
blends in order to validate the main idea behind DTD and to understand how short
chains of different lengths affect the terminal relaxation behaviour of long chains in
binary mixtures. In most of the cases, the molecular weights of the two components
are very well separated (according the SG criterion). Compared to the data of
Watanabe [92,93] (see Figure 29.a), the data of Wang et al. are localized in the area
between the “shorter matrix” and the “solvent” systems. Some of the main results of
this paper are shown in Figure 31.a, which presents the normalized terminal relaxation
time of different long chains diluted at same concentration in the same short chain-
matrix, and Figure 31.b showing the relaxation times of a fixed length long chain in
different short chain-matrices, at different concentrations. Note that the relaxation time
of the long chains is defined as the inverse of the G’-G” cross-over frequency [66].
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Figure 31: (a) Normalized terminal relaxation time T4/Tq40 as a function
of concentration in binary mixtures involving long chains of three

different molecular weights M,, = 410, 207 and 100 kg/mol in the same
short chains matrix (M,,=12kg/mol).

(b) Disentanglement time T4 taken from the cross-over frequency:
T4=1/0.. The horizontal and inclined lines represent the predictions by
usual theories (linear or no dependence on (1))
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The results are quite surprising and in contradiction with all recent models.
Figure 31.a, shows that the concentration dependence of the normalized terminal
relaxation time of the long chains depends on their molecular weight, which is
unexpected [8], as the acceleration should only depend on the concentration of the
short chains in the full DTD picture [12]. (Note that the concentration of the long
chains is high enough to keep entanglements among themselves). Furthermore, the
“solvent effect” by the short chains becomes smaller when the molecular weight of the
long chains increases, which goes in the opposite direction to the SG criterion [88]! It
is suggested by the authors that this split arises from the effect of CLF, which is
apparently enhanced for systems with shorter long chains. For the latter, the influence
of CLF on the disentanglement time is hence larger, which is not taken into account in
existing models [66]. This dependence also explains why, in Figure 31.b, results
deviate from the prediction of the Doi et al. model [79] (and most of the models
proposed in Section 4). The dependence of CLF on the environment is certainly an
important question: while this dependence is clear for branched polymers [22,119],
most of the theories for linear chains predict a CLF process independent of &)
However, the possibility of a dependence is at least arguable.

Note that if we plot the relaxation times in Figure 31.a as a function of the
molecular weight of the corresponding long molecules, at different concentrations in
the same short chains matrix, the result is again quite surprising, as shown in Figure
32: from a M** dependence in a monodisperse environment, the dependence goes up
to M*? when the long chains are diluted at 10% in the short chain matrix. However,
this result is in contradiction with the experimental data of Watanabe for PS binary
blends [19]. Perhaps, this changing slope is linked to the method of calculating the
terminal relaxation time.

Furthermore, as shown in Figure 31.b, even if the relaxation of the short chains
is very well separated from the long chains, i.e. if we are in the range where full DTD
should work [88], long molecules mixed in the same proportion with short chains relax
faster when the matrix chains are shorter. This effect is again not taken into account in
most models.

To explain why the concentration dependence varies systematically with the
molecular weight of the short chains, the authors propose that the diffusion constant of
the long chains is a function of the short chains molecular weight and the relaxed
fraction. They argue that the curvilinear diffusive motion of the long chain in the
dilated tube depends on the coupling between the terminal short chain dynamics and
the local long chain dynamics, which varies with the length scale set by the dilated
tube diameter a(®), and with the molecular weight of the short chains. Thus, it is
assumed that in a dilated tube, a fraction of short chains is in fact interfering with the
curvilinear motion of the long chains.

118 © The British Society of Rheology, 2007  (http://www.bsr.org.uk)



E. van Ruymbeke, C.-Y. Liu and C. Bailly, Rheology Reviews 2007, 53 - 134.

Ty

0333

10

L M, [g/mol] 18

Figure 32: Relaxation times of long chains with M,, = 100, 207 or 410
kg/mol as a function of their molecular weight at different concentrations
in the same short chains matrix (My=12kg/mol): 1 (—e—), 0.8 (--x--), 0.6
(VV), 04 (00), 0.2 (), and 0.1 (00). (AA). Grey lines indicate 3.4 and
4.3 scaling exponents.

6.3. “Probe” chain systems by Liu et al.

In ref. [123], Liu et al. have studied the relaxation of short PBD (probe) chains
(10%) in a matrix of very long chains (90%), so that the relaxation of the short
molecules can be considered “as in a fixed network”. The result is again surprising: the
relaxation times of the short chains scale as M>' instead of M** observed for the
corresponding monodisperse environment (see Figure 33). The difference in the
scaling exponent is statistically significant. The authors argue that since, from the
standpoint of the probe chains, the motions of surrounding chains are suppressed in a
high M matrix, whereas CLF influence should remain unaffected, the contribution of
tube motions to the 7; scaling is clearly isolated. These results hence indicate that the
motions of surrounding chains have a significant influence on the 3.4 exponent for 7,
and 77,. Conversely, were the fluctuations of the probe chain the dominant factor for
the deviating scaling, as proposed by Doi [7,130], the same 3.4 scaling should be
observed in both entangled environments.
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Figure 33: Longest relaxation time 7, of short chains in two different
entangled environments: self-melt (—) and long chains matrix
My, = 1240 kg/mol) (---) as a function of their entanglement number Z.
The PI (00) and PS (AA) data were superimposed on the PBD ([1]) data by
a vertical shift.

The importance of CR effects is further highlighted when comparing literature
data [131-138] for self-chain and tracer diffusion coefficients D;. and D, (see Figure
34) [131]. Since tracer diffusion results from the diffusion of a probe chain in high
MW matrix, the two environments for D,, and D; are exactly the same as those in probe
theological tests. The observed M >° scaling for tracer diffusion and M > scaling for
self-chain diffusion are in fact consistent with results on probe rheology. Moreover, as
explained in ref. [68,131], tube theories also over predict the influence of CLF on the
plateau modulus.

It is important to remember that descriptions of CR based on double reptation
or full DTD shift the value of the predicted terminal relaxation times, but do not
change the slope of the viscosity power law. Liu et al. results hence seem to point to a
fundamental weakness of current CR descriptions for bidisperse distributions [123].

However, there is an alternative explanation possible, not considered by Liu et
al. If, as usually claimed, we assume that the deviation from the reptation exponent is
indeed the result of CLF, this must mean that CLF significantly depends on the
environment, becoming much less effective in a “strong” matrix (permanent network)
than in a “weak” environment (the monodisperse polymer). This idea is consistent
with the conclusion of Wang et al. (see above) [66].

120 © The British Society of Rheology, 2007  (http://www.bsr.org.uk)



E. van Ruymbeke, C.-Y. Liu and C. Bailly, Rheology Reviews 2007, 53 - 134.

10+
Slope =-0.35
*
~
~_*
NE v v\\\
i v S o
(] 1: v~y
V“.@
8_‘: 83 3 o) M = L0
ACQ *
*
0.1 — ———ry
1 10 100
y4

Figure 34: Self-chain and tracer diffusion coefficients Dy and D, ([1:[132],
0:[133], A:[134],V:[135],0:[136],0)-:[134],0-:[137]) plotted as (D or Dlr)MQ'O Vs
Z to highlight deviations from the reptation scaling. The dashed line is the
—0.35 slope considered by Lodge [138].

Whatever the correct explanation for the modified scaling (CR-dominated or
CLF-dominated), Liu et al.’s results highlight significant issues in the most advanced
tube models for bimodal systems.

7. CONCLUSIONS AND PERSPECTIVES

Through many iterations and extensive work in the polymer physics and
rheology community, tube models have moved over a period of 30 years from
appealing but qualitative descriptions based on “self-similarity” and “topological
constraints” ideas to compelling and quantitative theories of the LVE of linear
polymers [5-8,35-45]. This major expansion has progressively embedded the concepts
of reptation [5-7], constraint release and contour length fluctuations into a coherent but
complex mesoscopic picture [7-21,79]. The price to pay has been a progressive
complexification, with the inclusion of new “features” such as dynamic dilution
[12,18], the constraint release Rouse regime [86,87,96], the Struglinski-Graessley
criterion [88], some of which have not yet reached the full consensus level (partial
DTD for instance) [92,93,123,131]. However, tube models have kept their strong and
very unique (in the field of material science) internal coherence as none of the
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successive modifications has destroyed the remarkable economy of fitting parameters
[75], one for the stress scale (the plateau modulus) and one for the time scale (the
relaxation time of a segment between entanglements). Admittedly, some nagging
problems just “refuse to die”. Those concern mainly the quantitative relationship
between the plateau modulus and the molecular weight between entanglements [35-
45], the exact value of the dilution exponent [41] and a few others. They probably
reflect the limits of the fundamental underlying assumption of universality, at the core
of the mesoscopic picture, and are hence “unsolvable” within the strict frame of tube
models. However, despite the minor remaining issues, remarkable achievements have
been made in the field of quantitative predictions especially if some of the more

stringent internal consistency constraints (in particular the G; /M ,relationship) are

empirically relaxed [40]. Once a tube model of sufficient sophistication is calibrated
by fitting at most a few samples of a given polymer, predictions can confidently be
made for essentially all molecular weight distributions of the same polymer, including
very broad or even “weird” ones (such as highly bimodal or multimodal distributions)
at all temperatures (through the time-temperature superposition principle). Actually,
the current limitation probably lies more in the accuracy of the rheological data and
(most definitely) the size exclusion chromatography data [65] than in the accuracy of
the tube models. Although little has been published so far in the open literature
[139,140], it is certain that industry is now actively using predictions of LVE by tube
models as a “design tool” of macromolecular systems with desired rheological
properties. Numerical routines for direct LVE predictions are fast and can easily run
on standard laptop computers. The well-known principles linking LVE to non-linear
behaviour (Cox-Merz, Geissle mirror...[3,4]) allow to some extent extrapolation of the
LVE behaviour to (shear-dominated) processing behaviour. Moreover, inversion
schemes [46-52], which predict back the molecular weight distribution from LVE
within the frame of a particular tube model enable in principle a straightforward
“molecular design for rheological properties” activity. However, inversion schemes
remain complex and delicate to handle and direct predictions by trial and error can
probably achieve the same goal. It is important to realize that the application of tube
model predictions in industry is embedded in a “chain of design” process, where
chemical kinetics or thermodynamic models (themselves derived from knowledge of
the polymerization mechanism) are first used to predict molecular weight distributions,
which themselves feed the rheological models, and so forth.

Recent work, often combining experimental findings based on several
characterization techniques (rheology, diffusion, dielectric spectroscopy, NMR,
neutron scattering...) and predictions, has highlighted the remaining issues and the
perspectives for further improvements [66,92,93,123,131]. As those questions are
fundamentally linked to the physics of the relaxation processes, any improvement will
not be restricted to linear polymers but will probably have a strong impact for
branched architectures as well. A short (non exhaustive) list of key questions includes:

@) whether the reptation time has to be made explicitly “environment-
dependent” for linear polymers. There is no consensus at the moment
but several indications point in that direction.
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(i)  whether CLF (including early fluctuations) have to be made dependent
on the environment for linear polymers. More and more compelling
evidence accumulates.

(iii) what the true value of the dilution exponent is for melts and
concentrated solutions.

(iv) in a bimodal polymer mixtures, below which molar mass can short
chains be considered as a real solvent.

W) what the critical value is for the SG number.

(vi)  how “partial DTD” schemes can be made to work quantitatively without
empiricism. Several questions stem from this one, in particular :

(vii) how the criterion of Struglinsky-Graessley, initially proposed for simple
bimodal systems, can be expanded to polydisperse systems. This
amounts to defining in an accurate way the average lifetime of an
entanglement, including the influence of the environment.

The answer to some of these questions would be accelerated by the wide
availability of very accurate data about well-characterized models systems. This
emphasizes the issue of “public databases” of benchmark data. The on-line
combination of characterization techniques will also become essential. Moreover, tube
models now represent one particular level of modelling in a multi-scale “Russian doll”
arrangement, which goes from atomistic simulations to macroscopic models. Recent
years have seen the development of slip-link models [141-146], mostly for non linear
rheology predictions but also LVE and the strong emergence of atomistic models
[147-157], themselves often partially coarse-grained. Slip-link models still belong to
the general class of mesoscopic models, but provide a more realistic picture of
entangled systems (at the cost of much increased computing demands) [141-143].
With the growing availability of fast computing, they clearly have the potential to
become the next standard for quantitative LVE predictions. Atomistic simulations, on
the other hand, have to bridge many orders of magnitude to reach the pertinent time
scales of rheological measurements [147]. Their importance will therefore presumably
lie more in the ability to validate and refine the basic assumptions of mesoscopic
models and provide “ab initio” material parameters such as the tube diameter, the
molecular weight between entanglements, the various regimes of diffusion of a chain,
etc...
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